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manifold. The feedback gains and synchronous protocol gain depend
on the output regulation problem. The permissible region of the eigen-
value distribution to ensure the stability of synchronous manifold is a
transversal band along the right real axis. A numerical example illus-
trates the efficacy of the presented theoretical analysis.

A natural extension of this work will be the error feedback case
which, in the classic output regulation problem, is solvable if the full in-
formation case is solvable. The difficulty is how to rationally formulate
the error feedback case in the distributed sense. One possible formu-
lation is that leader nodes have the error information e = Cz 4+ Qw
while follower nodes the sum of weighted output error with respect to
its neighboring nodes e = > a,;(C2; — Cz;). However, the trivial
extension of the framework developed in this note is infeasible for such
a formulation. Whether there exists a framework in which the similar
results as in the classic output regulation problem still hold is an inter-
esting future work.
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Activity Invariant Sets and Exponentially Stable
Attractors of Linear Threshold Discrete-Time
Recurrent Neural Networks
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Abstract—This technical note proposes to study the activity invariant
sets and exponentially stable attractors of linear threshold discrete-time re-
current neural networks. The concept of activity invariant sets deeply de-
scribes the property of an invariant set by that the activity of some neurons
keeps invariant all the time. Conditions are obtained for locating activity in-
variant sets. Under some conditions, it shows that an activity invariant set
can have one equilibrium point which attracts exponentially all trajecto-
ries starting in the set. Since the attractors are located in activity invariant
sets, each attractor has binary pattern and also carries analog information.
Such results can provide new perspective to apply attractor networks for
applications such as group winner-take-all, associative memory, etc.

Index Terms—Activity invariant sets, discrete-time recurrent neural net-
works, exponentially stable attractors, linear threshold.

1. INTRODUCTION

In recent years, linear threshold recurrent neural networks (LT
networks) have been studied by many authors [7], [9], and [16].
The linear threshold transfer function is an unbounded function
with binary pattern. It has been used to model many cortical neural
networks [1]-[4]. Networks endowed with this transfer function form
a class of hybrid analog and digital networks that can implement a
form of hybrid analog-digital computation. Since the linear threshold
transfer function is essentially nonlinear, complex dynamic properties
may exist in such networks [12] and [17]-[19]. LT networks have
been got many applications, such as associative memory [10], [11],
winner-take-all [5], group selection [6], [14], feature binding [13], etc.

The main contributions of this technical note consist of two parts.
We fist present the concept of activity invariant set for discrete-time LT
networks. Discrete-time recurrent neural networks can provide direct
algorithms and easily be implemented by digital hardware [15]. More-
over, invariant sets play important roles in dynamics study of recurrent
neural networks. An invariant set restricts trajectories starting from the
set stay in the set. The concept of activity invariant set more deeply
describes the dynamic properties of invariant sets: the activity of some
neurons keeps invariant during the time evolution. Thus, neurons can
be divided into two classes by active neurons and inactive neurons. We
will derive conditions for locating activity invariant sets.
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Fig. 1. Architecture of recurrent network (1).

In applying of recurrent neural networks to the application of asso-
ciative memory, it is crucial that the networks have stable attractors.
Stable attractors stored as memories to the networks are often used
to implement associative memory [8]. The memories can be recalled
by encoding initial conditions as computational inputs to the network.
Thus, based on the concept of activity invariant set, we will show that
under some conditions, an activity invariant set has one equilibrium
point which attracts exponentially all the trajectories in the invariant
set, i.e., it has an exponentially stable attractor. Such attractors are lo-
cated in activity invariant sets, thus each attractor has binary pattern and
also carries analog information. This is quite interesting since these at-
tractors could be used to store memories with both binary and analog
information. It is believed that these results can have potential appli-
cations such as group winner-take-all, associative memory, etc. In the
application of group winner-take-all, the network outputs are required
to have binary pattern, i.e., the winners and the losers. In addition, there
may exist differences among neurons in the winner group, such differ-
ences can be depicted by analogy information of each neuron in the
winner group.

The rest of this technical note is organized as follows. In Section II,
we present some preliminaries. Main results about activity invariant
sets and exponentially stable attractors are given in Section III. Simu-
lations are carried out in Section IV to illustrate the theory. Conclusions
are given in Section V.

II. PRELIMINARIES

In this technical note, we study a class of discrete recurrent neural
network with unsaturating linear threshold transfer functions described
by the following nonlinear discrete equations:

n

wi(k+1) = aijo (x;(k) 4+ hi, (i=12,---,n) (1)

=1

for £ > 0, where each z; denotes the activity of neuron ¢, and =
(a1, -- ,.rn)T € R". o (-) is the unsaturating linear threshold activa-
tion function defined by

o(s) = max{0,s}, s€R
and o(x;) denotes the output of neuron 1, a(x) =
(0(1?1),0'(1?2),---,O’(;L’,L))l, aij(i’vj = 1727"'771’) are
connection weights which are constants, k;(i = 1,2,---,n) denotes

external input.

Fig. 1 shows the architecture of network (1) which is a kind of recur-
rent neural networks. In network (1), each neuron connects with all the
neurons, that is, the input of each neuron ¢ is composed of the external
input /; and the outputs of all neurons (including itself) weighing of
the connection weights a;;(i,j = 1,2,---,n).
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The vector form of (1) can be written as
w(k+1)=Wo (x(k))+h

for k > 0. Given any :(0) € R", we denote by x(k, 2(0)) the trajec-
tory of (1) starting from x(0).

Definition 1: A neuron with index i is active at time %, if z; (k) > 0.
A neuron with index 7 is inactive at time %, if o (;(k)) = 0.

Definition 2: A set D C R" is called an invariant set of (1), if each
trajectory starting in D will remain in D for ever.

Definition 3: A set D C R" is called an activity invariant set of (1),
if D is an invariant set, and given any x(0) € D it holds that

2i(k)>0,  ifzi(0)>0
{0 (zi(k)) =0, ifo(2:(0))=0

for all £ > 0.

Activity invariant set says that in an invariant set, the activity of a
neuron keeps invariant, i.e., if a neuron is initially active then it keeps
active for all the time & > 0, if a neuron is initially inactive then it
keeps inactive thereafter.

A point ™ € R" is called an equilibrium point of (1) if

x = Za;ja (L;) +hi, (i=1,---,n).
=1

Given any « € R", denote ||z|| = maxi<i<n{|:|}.

Definition 4: An invariant set D of (1) is said to have an exponen-
tially stable attractor z*, if z* is an equilibrium point of (1), and there
exit constants M > 0 and e > 0 such that for any x(0) € D, it holds
that

[l (k, 2(0)) — 2] < M - ||l(0) = 2| - 7"

for all £ > 0.

An invariant set D has exponentially stable attractor * implies that
any trajectory starting in DD will converge exponentially to the equilib-
rium point z*.

Lemma 1: If an invariant set D has an exponentially stable attractor
2™, then D cannot have another exponentially stable attractor different
from z*.

Proof: By Definition 4, for any «(0) € D, it holds that

e (k. 2(0)) = 27| < M - Ja(0) = 27| - o7+

for all ¥ > 0.

Suppose the invariant set D has another exponentially stable at-
tractor =¥, Then, the trajectory starting from x' satisfies that ¥ =
x(k, %) for all & > 0. Thus

<M-|jz" —a¥|) e

[

for all k > 0. Clearly, ¥ = 2*. The proof is complete. |

Lemma 2: Suppose that D is an invariant set of (1). If there exist two
constants M > 0 and € > 0 such that for any z(0) € D, #(0) € D, it
holds that

| (k. 2(0)) — @ (k,2(0)|| < M - [|2(0) = 2(0)[| - e~*  (2)

for all £ > 0, then the invariant set D has an exponentially stable
attractor.
Proof: Choosing a constant m > 0 such that

_ 1
Me ™ < =
e <3 3
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Given any 7 > 0, we can select a constant K > 0 such thatif m > K,
it holds that

AMe™" ||z (m, Z2(0)) — 2(0)|] < 7. 4)

Given any constant p > 0, from (2) and (3), it can be calculated that

i (k. 2(0)) — (k. 2(0))]

< o (4 5 7(0) = & (k 4+ m, O]
+ ||z (k+p 4+ m,z(0)) —x (k+m,z(0))|
+ |le(k+m,z(0)) — x (k, 2(0))||

= e (k4 . #(0)) —  (k + poe (m. 2(O)]
Tl (e (k4 9. 5(0)) — 2 (. (R 3O
+ ||x (ky 2 (m, 2(0))) — x (k, 2(0))||

< MemED2(0) = i (m, 7(0))
+ Me " o (k4 p,2(0)) — x (k, 2(0))]|
+ Me ||z (m, 2(0)) — 2(0)]|

< 2Me™"™ |la (m, 2(0)) — 2(0)||

1
5 Nl (=, 7(0)) = 2 (k, 7(0)) |

for all £ > 0. Then, using (4), it follows that

2 (ke p. 2(0)) = (k. 2(0)) ]| S4Me™ |2 (. 2(0)) — 2(0) |
<n

for all & > I. By the well known Cauchy Convergence Principle,
there must exist a =™ such that

kkrfoox (k,z(0)) =a".

Clearly, ™ € D is an equilibrium point of the network (1) in the region
D, thus, x(k,2") = " for all k > 0. Then, it holds that

|l (ky #(0)) — 2%]] < M - [|£(0) — 2™|| - e

for all & > 0.

By Definition 4, the invariant set D has an exponentially stable at-
tractor 2*. Using Lemma 1, the network (1) cannot have exponentially
stable attractor different from 2:*. The proof is complete. |

Given a constant ¢, denote by

{ ¢ = min{c, 0}

¢t = max{c, 0}.

Clearly, ¢~ < 0,¢T > 0.
Lemma 3: It holds that

Proof: The proof is trivial.

III. ACTIVITY INVARIANT SETS AND EXPONENTIALLY
STABLE ATTRACTOR

In this section, we are going to establish conditions to locate activity
invariant sets. We will address the problems: under what conditions
the network (1) can have invariant sets? Can an invariant set have an
exponentially stable attractor?
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Theorem 1: Suppose that PUN = {1,2,---.,n}and PN N is
empty. If there exist constants 0 < &; < 1;(i € P) such that

> (Gf@fj +agm;) +hi > &,

JEP .

_ teP 5
> (“;5711’ + “z‘]fj) + hi < i, @ ) )
jEP

and
> (afini+a&) +hi <0, (I€N) (6)
JEP

then the set

D = {z|z; € (&,n:),i € P; o(x;)=0,l€ N}
is an activity invariant set of the network (1), and the neurons with
index in P are active invariant, the neurons with index in NV are inactive
invariant. Moreover, D has an exponentially stable attractor.

Proof: The proof will be divided into two parts. In the first part,
we will prove that D is an invariant set, i.e., given any initial z(0) € D,
the trajectory x(k)(k > 0) starting from z(0) has the property for all
k> 0that¢; < .Ll(k) < n;if¢ € P, and :L'[(L?) < 0ifl € N.

We will show this by mathematical induction. Since x(0) € D,
suppose it was also true that (k) € D(k > 0), we will show that
x(k 4+ 1) € D(k > 0) correspondingly.

It follows from (1) and by condition (5) that

zi(k+1)= Z aijr;(k)+ h;

JEP

> Z (aj;fj + a;m) + h;
jer

> &

and

’l?,(]\ + 1) = Z i T (]f) + h;

Jjer

< (a4 a56) + b
Jjer

<N

forall: € P and k > 0. On the other hand, from (1) and condition (6),
it gives that

ok +1) = aw;(k) + I

jer

<Y (adim + aigés) +
jer

<0

foralll € N and £ > 0. This clearly implies that for all £ > 0,
&G <zi(k+1)<mifi € Pando(x(k+1))=0ifl € N, ie,
z(k+1) € D. By the induction principle, D must be a local invariant
set. Moreover, D is an activity invariant set. So the set of neurons with
index P is an active invariant set of the network while the set of neurons
with index NV is an inactive invariant set.

Next, in the second part, we will prove that there is one stable equilib-
rium point located in D which exponentially attracts all the trajectories
in D. Let «(k, z(0)) and z:(k, £(0)) be two trajectories of the network
(1) with initial conditions #(0) and #(0), respectively. Clearly, it holds
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that «(k, z(0)) € D and x(k, (0)) € D forall k > 0 since D is a
local invariant set. Then from (1), we have

2 (k+1,2(0) = > ajjz; (k,2(0)) + hs @)
jep
and
vi (k+1,80) = > aya, (k,#(0) + hs ®)
JEP

foralle = 1,2,---,n and k& > 0. Denote

2i(k) = (. 5(0) — 21 (R, 2(0),  (i=1,2,---,m)

for & > 0. It follows from (7) and (8) that

> aijzk),

jep

zi(k+1) = (i=1,2,--+,n) 9)

for k > 0.
Consider a subsystem of (9)

zilk+1) = aijz(k), (i€P) (10)
JEP
for k > 0.
By condition (5), we have
> (af —ai) (= &) < (i = &), (i€ P).
jep
Thus, it immediately holds that
EZZ| aijl(n; — &) <1, (i €P).
JEP
Denote by a;; = n; — & > 0(7 € P), then
B '= Za7|a,7| <1, (ieP).

' jEP

Let 7 = max;ep{3:}. Now define functions

vi(k) = <k',

(i€ P)
for all & > 0. Then it follows from (10) that

1
vi(k+1) < — Z ajlag] - vy (k)

JGP
1
<— > ajlai] - k)]l
' jep
<3k
8% Jlo(k = 1|

<A (0))]
—(L+1)]n =

e (O)]

forallk > 0 and? € P. Since 8 < 1, it must holds that In(1/3) > 0.
Let constant € = In(1/3), then

vilk+1) < e T o))
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Moreover, since

[[o(0)|] < mdx{j } [|z(0)]| = mln{a Al

it follows that
- (F —(kt+1)e . il (]
(k4 1) <e ma{a:} - minfac} - |=(0)]
=e D5 12(0)| (11)
forall k > 0 and: € P, where
_ SV mind o
5= ;}16a31a1} riléllrpl{az} > 0.
Next, we consider another subsystem of (9)

a(k+1) =Y ayzi(k), (1€N)
JEP
for & > 0. It is clearly that

20l + )] < max {z; (k) } - > lai

JEP

8- 11O - D las,]

JEP

<e ke (12)

forl € N and k& > 0. From (11) and (12), there must exist a constant
6 > 0 such that

—(k+l)e

|22k + 1) < 5|20 - e (i=1,2..n)
for £ > 0. Then
e (41, 7(0)) =2 (K+1, (0D <5 - 7(0)—a(0)]] - e~ F"

forall £ > 0. By Lemma 1, this implies that there exists an equilibrium
point in D which exponentially attracts all trajectories in D, i.e., D has
an exponentially stable attractor. The proof is complete. |

Given some division of neurons of the network (1), i.e., PUN =
{1,2,--+,n},and PN N = (), the theorem above shows that if there
exists a pair of constant vector (£,7) such that (5) and (6), then the
activity of each neuron in D keeps invariant. The location of D is in-
dicated by (&, n). That is, the set of neurons with index P> will keep
active while the set of neurons with index N will keep inactive all the
time, as long as the initial conditions belong to D.

Moreover, we have also shown that under the conditions of Theorem
1, the activity invariant set D has one exponentially stable attractor
which is regarded as memory stored in the synaptic connections of the
networks. Since the activity invariant set D is composed of two parts,
active and inactive invariant set, each attractor has binary pattern. Fur-
thermore, in the active invariant part, the neurons carry analogy infor-
mation. Thus, the networks implement a form of hybrid analog-digital
computation. In other words, the attractors of the network (1) could be
used to store memories with both binary and analog information. Thus,
it can provide new perspective to apply attractor networks for applica-
tions such as group winner-take-all, associative memory, etc.

Theorem 2: 1f there exist constants 0 < & < n; (¢ = 1,2,---,n)
such that

> (a
jEP
Z; (a'zJ';’n,i + a;jfj) + h; <15
j

j}&j + az-_ﬂ/]’) +hi > &
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forte = 1,2,---,n, then the set

D= II"T": € (£7~777)7(Z = 1.2,)1)}

is an activity invariant set of the network (1). Moreover, D has an ex-
ponentially stable attractor.

Proof- Let P = {1,2,---,n} and N be empty, the result follows
from the proof of Theorem 1. ]

Theorem 3: If h; < 0 (i = 1,2,---,n), then the set
D= {zlo(z;)=0,(i=1,2,---,n)}

is an activity invariant set of the network (1). Moreover, D has an ex-
ponentially stable attractor.

Proof: Let N = {1,2,---,n} and P be empty, the result follows
from the proof of Theorem 1. ]

IV. SIMULATION RESULTS

In this section, simulations will be carried out to show how to lo-
cate the activity invariant sets. A three-dimensional network will be
employed for illustrations.

Let us consider the following three-dimensional network

21(k+1)=0.20 (x1(k)) — 30 (22(k)) — 20 (23(k)) + 1
22(k +1)=—20 (21(k)) + 0.20 (z2(k)) — 30 (x3(k)) + 1.
z3(k +1)==30 (x1(k)) — 40 (22(k)) + 0.20 (x3(k)) + 1(

Clearly, ady; = 02 (l = ]., 2, 3), 12 = A31 = d23 = —3, a13 =
az1 = —2, az2 = —4 and hi =1 (l == 1, 2, 3)

Taking P = {1}, N = {2, 3}, by conditions (5) and (6) of Theorem
1, we have inequalities for possible invariant sets as

026 +1>&
02 +1<m
26 +1<0
=36 +1<0
0< & <m.

Solving the inequalities, one can get a solution that & = 1,1 = 2.
Thus
Di={z|l <21 <2 x2<0; a3<0}
is an activity invariant set, and the neuron with index ¢ = 1 is active
invariant in D while the neurons with index ¢ = 2, 3 are both inactive
invariant in D;. Moreover, by Theorem 1, D; has an exponentially
stable attractor.
Taking P = {2}, N = {1, 3}, solve the inequalities

026 +1> &
0202 +1 <92
-3 +1<0

-4 +1<0

0< & < 2.

It can be solved that &2 = 1, 2 = 2. Thus

Dy ={z|z1 <0; 1<x2<2; a3<0}

is an activity invariant set and the neuron with index ¢ = 2 is active
invariant in Do while the neurons with index i = 1,3 are both inactive
invariant in D> . Moreover, by Theorem 1, D5 also has an exponentially

stable attractor.
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x3

Fig.2. Activity invariant sets and exponentially stable attractors of the network
(13). There are three local stable equilibrium points (1.25, —1.5, —2.75)7,
(—2.75,1.25,—4)7 and (—1.5,—2.75,1.25)7 located in the activity in-
variant sets D¢, D» and Ds3, respectively.
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Fig. 3. Convergence of the network (13). The trajectories start from 15 ran-
domly initial points located in D . They all exponentially converge to the stable
equilibrium point * = (1.25,—1.5,-2.75)" € D,.

Taking P = {3}, N = {1, 2} and solving the inequalities

026 +1> &
0.2n3 +1 < n3
—264+1<0

-3 +1<0

0< & < s,
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Fig. 4. Convergence of the network (13). The trajectories start from 15 ran-
domly initial points located in D. They all exponentially converge to the stable
equilibrium point * = (—2.75,1.25,—4)" € D,.
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Fig. 5. Convergence of the network (13). The trajectories start from 15 ran-
domly initial points located in D3. They all exponentially converge to the stable
equilibrium point * = (—1.5,—-2.75,1.25)" € Ds.

one can get a solution that {3 = 1, 3 = 2. Thus

Dy ={z|z1 <0; 22<0; 1<umws<2}

is an activity invariant set and the neuron with index ¢ = 3 is active
invariant in D3 while the neurons with index ¢ = 1,2 are both inactive
invariant in D3. In the same way, by Theorem 1, D3 has an exponen-
tially stable attractor.

We also considered the cases: P = {1,2}, N = {3}; P = {1, 3},
N = {2}, P = {2,3}, N = {1}; P = {1,2.3} with N to be
empty; N = {1,2,3} with P to be empty. However, we have not
found solutions for inequalities (5) and (6). Computer simulations also
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have not observed other exponentially stable attractors different from
the above three ones.

Fig. 2 shows the activity invariant sets and the exponentially stable
attractors of the network (13). There are total three local stable
equilibrium points (drew by diamond symbol) (1.25, —1.5, —2.73)7,
(=2.75,1.25, —4)7 and (—1.5, —2.75,1.25)7 located in the activity
invariant sets D1, D> and D3, respectively, and attract all trajectories
in the corresponding regions. Figs. 3-5 show the convergence of the
trajectories starting from the 45 randomly initial points located in D1,
D5 and D3, respectively.

V. CONCLUSION

In this technical note, activity invariant sets and exponentially stable
attractors have been studied. Conditions have been derived to locate
the activity invariant sets. Furthermore, it shows that under some con-
ditions, an activity invariant set can possess an exponentially stable at-
tractor. Such an attractor carries both binary and analog information.
We believe these interesting properties can give new perspective for
application of attractor networks to group winner-take-all, associative
memory, etc. More research in this direction will be carried out in the
future.
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‘'H oo Filtering of Discrete-Time Markov Jump Linear
Systems Through Linear Matrix Inequalities

Alim P. C. Gongalves, André R. Fioravanti, and José C. Geromel

Abstract—This technical note addresses the discrete-time Markov jump
linear systems . filtering design problem. First, under the assumption
that the Markov parameter is measurable, the main contribution is the
linear matrix inequality (LMI) characterization of all linear filters such
that the estimation error remains bounded by a given ., norm level,
yielding the complete solution of the mode-dependent filtering design
problem. Based on this result, a robust filter design able to deal with
polytopic uncertainty is considered. Second, from the same LMI charac-
terization, a design procedure for mode-independent filtering is proposed.
Some examples are solved for illustration and comparisons.

Index Terms—Discrete-time systems, linear matrix inequalities (LMIs),
Markov jump linear systems, robust filtering.

1. INTRODUCTION

Dynamic systems that present sudden changes on their structures or
parameters have been the subject of several studies in the last decades.
Among the different ways to model such a dynamic system, one of in-
creasing interest is the Markov jump linear system (MJLS). One of the
first works in the literature dealing with this class of models was pre-
sented in [1]. After that, a large amount of theory and design procedures
have been developed in order to extend concepts of the deterministic
discrete-time systems to this special class, namely stability and testable
conditions [10], [11]; optimal state feedback control [9]; state feedback
"Ho optimization via convex programming [4]; state feedback Ho opti-
mization via linear matrix inequalities (LMIs) [8], state feedback Hoo
optimization via LMIs [12] and H» filtering [5], just to stay with a few
of them.

An important assumption to consider for the MJLS filtering design
problem is if the Markov chain state, also known as mode, is available
to the filter at every instant of time £ € N. Based on this characteristic,
the design is said to be either mode-dependent or mode-independent.
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The problem of determining a strictly proper optimal H .. mode-de-
pendent filter was solved in [7] with the use of LMIs. In that paper,
only the observer-based filter gains are obtained and the particular filter
structure based on the internal model of the plant makes the result use-
less for robust filter design. For two dimensional discrete-time MJLS,
[15] gives sufficient conditions for H. filtering design. Considering
the mode-independent assumption, [6] proposes sufficient conditions
that impose the estimation error 7., norm a guaranteed level, once
again only for strictly proper filters. In this technical note, the set of
all full order linear mode-dependent proper filters with bounded esti-
mation error H .. norm is obtained. This set is expressed in terms of
LMIs, allowing the optimal 7 filtering design problem to be solved
in one shot rather than iteratively. When the filter is constrained to be
strictly proper, the one proposed in [7] is obtained as a particular case.
The use of LMIs also allows us to include additional constraints to the
basic problem, as for instance to design robust filters able to face pa-
rameter uncertainty. Another additional constraint to the main problem
allows us to design mode-independent filters and to compare our results
with those provided in [6]. Moreover, we believe that the necessary and
sufficient conditions reported here can be useful to improve the results
of [15].

The notation is standard. For real matrices or vectors (') indicates
transpose. For the sake of easing the notation of partitioned symmetric
matrices, the symbol (e) denotes generically each of its symmetric
blocks. The set of nonnegative integers is denoted by N. The set of
Markov chain states is K = {1,2,---, N}. Given N? nonnegative
real numbers p;; satisfying Z}Nﬁ pij = 1,4 € Kand N real matrices
X, J € K, the convex combination of these matrices with weights p;;
is denoted by X,; = Zj\:l pi;X; fori € K. The symbol £{-} de-
notes mathematical expectation of {-}. For any stochastic signal z(k),
defined in the discrete-time domain k& € N, the quantity ||z||3 =
oo £{z(k) z(k)} is its squared norm. The set of signals z(k) € R",
defined for all & € N, such that ||z]|3 < oc is denoted L.

II. PROBLEM FORMULATION

A discrete-time Markov jump linear system (MJLS) is described by
the following stochastic equations:

2k + 1) = A(6r)x(k) + J(0r)w(k)
G:RQ z(k)=C.(8r)x(k)+ E.(0r)w(k) (1)
y(k) = Cy(Bp)x(k)+ Ey(fr)w(k)

where x(k) € R™ is the state, w(k) € R™ is the external perturbation,
z(k) € R” is the output to be estimated and y(k) € R? is the measured
output. It is assumed that the system evolves from z(0) = 0. The state
space matrices (1) depend on a Markov chain taking values in the fi-
nite set KK with the associated transition probability matrix P € RV <V
whose elements are given by p;; = Prob(fi4+1 = j|fx = i) which
clearly satisfies the normalized constraints p,;; > () and Zle pij =1
for each ¢ € K. To ease the presentation, the following notations
A(8y) = A;, J(0r) = Ji, C.(8) = C., E.(0r) := E.,
Cy(0k) := Cy; and E, (8 ) := E; are used whenever 8, = i € K.
An important concept related to the model (1) is its H . norm denoted
as ||G||~ and formally characterized by means of the next definition,
based on a well known property of system (1) which states that if it is
stable (SMS—Second Moment Stable) and w € L£35" then z € L5 (cf.
Proposition 2 from [3]).

Definition 1: Assume that G is stable. The H o norm of the system
G from the input w to the output z is given by

lel = sp A
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