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Representations of Continuous Attractors of Recurrent
Neural Networks

Jiali Yu, Zhang Yi, and Lei Zhang

Abstract—A continuous attractor of a recurrent neural network (RNN)
is a set of connected stable equilibrium points. Continuous attractors have
been used to describe the encoding of continuous stimuli in neural net-
works. Dynamic behaviors of continuous attractors of RNNs exhibit in-
teresting properties. This brief desires to derive explicit representations of
continuous attractors of RNNs. Representations of continuous attractors
of linear RNNs as well as linear-threshold (LT) RNNs are obtained under
some conditions. These representations could be looked at as solutions of
continuous attractors of the networks. Such results provide clear and com-
plete descriptions to the continuous attractors.

Index Terms—Continuous attractors, linear recurrent neural networks
(RNNs), linear-threshold recurrent neural networks (LT RNNs), stability.

I. INTRODUCTION

It is known that continuous attractors exist in recurrent neural net-
works (RNNs). A continuous attractor of an RNN is a set of connected
stable equilibrium points. RNNs with continuous attractors are quite
different from that of recurrent networks with discrete attractors. An
RNN is said to have discrete attractors, if its equilibrium points are dis-
cretely distributed in the state space. In some conventional RNNs, such
as the Hopfield RNNSs [5], discrete attractors computation is a basic re-
quirement for enabling the networks for many practical applications.
However, discrete attractors may not be appropriate for patterns with
continuous variability, such as the images of a 3-D object from different
viewpoints. Thus, representing each object by a continuous manifold of
fixed points, i.e., continuous attractors, is natural [13]. Continuous at-
tractors are appealing to describe the encoding of continuous external
stimuli, such as the orientation, the moving direction, and the spatial
location of objects, or those continuous features underlying the catego-
rization of complicated objects [20], [21].

Continuous attractors have been found in two classes of RNNs. One
class is composed by RNNs with continuous distribution of infinite
neurons, and the other class is composed by RNNs with finite neu-
rons. Continuous attractors of the first class of RNNs have been widely
studied by many authors; see, for example, [1], [8], [9], [14], [20], [21],
and [26]. Recently, it was reported in [7] that continuous attractors can
be designed by tuning the external inputs to networks that have a con-
nectivity matrix with Toeplitz symmetry. On continuous attractors of
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the second class of RNNSs, so far, most of the results have been reported
in [6] and [10]-[12]. It should be pointed out that these two classes of
networks are quite different in dynamics (for example, stability) from
the mathematical point of view. This paper studies continuous attrac-
tors of the networks that belong to the second class.

In[10] and [11], line attractors of linear RNNs (linear RNNs) with fi-
nite neurons are studied. A line attractor is a special kind of continuous
attractors; it is embedded in some 1-D manifold. Under some conditions,
linear RNNs can possess line attractors. The theory of line attractors of
linear RNNs has been used successfully to explain how the brain can keep
the eyes still [11]. Generally, a continuous attractor may be embedded in
some manifold with dimension larger than one. In this paper, more gen-
eral cases will be studied for linear RNNs: the continuous attractors are
not restricted to be in one dimension. Explicit representation for the con-
tinuous attractors of linear RNNs will be derived. By the representations,
the continuous attractors can be completely described.

Continuous attractors also exist in some nonlinear RNNs with finite
neurons [6], [10], [12], [23]-[25]. However, general results for contin-
uous attractors in nonlinear RNNs with finite neurons have not been re-
ported so far. In nonlinear RNNs, due to the nonlinearity of the transfer
functions, it is not easy to explore the properties of continuous attrac-
tors. In this paper, the continuous attractors of a class of RNNs with
linear-threshold (LT) transfer function will be studied. It is known that
in the dynamical analysis of RNNs, the transfer functions play impor-
tant role. The LT transfer function is essentially nonlinear, however, it
has many interesting and good properties; see, for example, [2], [19],
[23]-[25]. LT RNNs have found many applications, such as associa-
tive memory [15], winner-take-all [2], group selection [22], permitted
and forbidden sets [3], [4], feature binding [19], etc. We will be inter-
ested in deriving explicit representations of continuous attractors of LT
RNNs. Under some conditions, the explicit representations of contin-
uous attractors will be obtained. These representations could be looked
at as solutions of the networks.

This paper is organized as follows. Preliminaries are given in
Section II. The main results on the representations of continuous
attractors of linear RNNs are given in Section III. The representation
of continuous attractors of LT RNNs are presented in Section IV.
Simulations are given in Section V to illustrate the theory. Finally,
conclusions are drawn in Section VI.

II. PRELIMINARIES
The model of general RNNs can be described by

(t) = f(xz(t)) (L

fort > 0, where z € R", f : R" — R" is some continuous mapping
that is local Lipshictz such that given any initial point 2(0) € R", the
trajectory starting from z(0) exists for all # > 0 and is unique.
Definition 1: A vector z* € R" is called an equilibrium point of
(1), if it satisfies f(x™) = 0.
Definition 2: An equilibrium point =" is said to be stable, if given
any constant € > 0, there exists a constant 4 > 0 such that

2(0) — 2" < 8
implies that
(t) — 2" < e

forallt > 0.
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Generally, an RNN may have more than one and even a lot of equi-
librium points. The equilibrium points may be isolated or connected.
The continuous attractors are related to a set of connected equilibrium
points.

Definition 3: A set of equilibrium points C' is called a continuous
attractor if it is a connected set and each point 2™ € C' is stable.

Requiring stability for each equilibrium point of a continuous at-
tractor is crucial. This is because in any practical application, only
stable equilibrium points can be observed. By the above definition,
without the stability, even if a set of equilibrium points is connected,
it cannot be looked at as a continuous attractor. To illustrate this point,
let us consider the following simple network:

. {2 —1}
r+ax= @€,

-1 2
It is easy to see that the set

o= {[{]en)

is a connected set of equilibrium points. However, it is not a continuous
attractor by Definition 3 since each equilibrium point of C' is not stable.
In fact, trajectories starting from points close to (but not in) the set C'
will diverge away from C'.

Throughout this brief, we say a vector = is positive, denoted by = >
0, if each element of x is positive.

The problem of representation of continuous attractors is to derive
the explicit representations of the continuous attractors. The represen-
tations could be looked at as solutions of the networks.

III. LINEAR RECURRENT NEURAL NETWORKS

In this section, we study the continuous attractors of linear RNNs.
Linear RNNs have been studied by many authors. The model of linear
RNNSs can be described as

P+ 2(t) = Wat) +b )

for t > 0, where = (a1,. ..,an)T R"™ is the state vector, W
is the symmetric synaptic connection matrix, and b = (b1, ..., b,)7T
denotes the external input.

Since the synaptic connection matrix W is a symmetric matrix, it
possesses an orthonormal eigensystem. Let A;(i = 1,...,n) be all
the eigenvalues of W ordered by A1 > A2 -+ > A,. Suppose that
Si(i =1,...,n) compose an orthonormal basis in R" such that each
S; is an eigenvector of W corresponding to the eigenvalue A;. Let the
multiplicity of A be m and denote by V), the eigensubspace associ-
ated with the eigenvalue A;. Suppose that

b= En:?;,;s,;.
i=1

Theorem 1: Suppose A; = 1 and b_LV}, . Then, the linear network
(2) has a continuous attractor and the continuous attractor can be rep-
resented by

C:{ZC,S + Z 1

J=m-+1

¢ ER(lSiSm)}.

Proof: Since bLV),, then b1 == Z)m = 0.
First we prove that each point of C' is an equilibrium point. Given
any ¢* € C, there exist constants ¢; (¢ = 1,...,m) such that

_Zp5+ Z

j=m+1

1_
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Then
I’I"m*—i—b_imwS + Z 1 ms +st
j=m+1 =1
—ZC,S+ Z 1“)] S; +Zb5
J=m+1
—ZF,S—i— Z 1_ vS =a".
J=m+1

This shows clearly that z* is an equilibrium point of (2). Thus, the set
C' is a connected set of equilibrium points.

Next, we prove that C' is stable. Given any x(0) € R", let x:(t) be
the trajectory starting from x(0). Since S;(z = 1,...,n) compose an
orthonormal basis of R", then x(¢) can be represented as

n

x(t) = Z zi(t)S;

=1

fort > 0,where z; (t)(i = 1,...
It follows from (2) that

, n) are some differentiable functions.

zi(t) =0, (i=1,...,m)
and
Zi(t) = (N — 1) - zi(t) + by, (i=m+1,...,n)
for t > 0. Then, we have
1<i<m

zi(0),
lt) = (=:(0) -

for t > 0. Thus

x(t) = Zw(o)sqL Z ( fjx

j=m+1

LY i

j= rrL+1

lE—Z/\i) e,o‘i*l)t—l—i—i\i’ m+1<i<n

>Sj6(,\j71)t

fort > 0.
Given any € > 0, choose a constant § = e, if

[l2(0) = 27|

m n bJ
(2:(0) —ci)- Si + Z <Zj(0)— oy
=1 J=m-+1

. )‘S‘j

m ) n bJ 2
I S O

then
l(t) — ™|
= |2 50 =e) - Sit D <~J > PIRCYERE
=t j=m+1 A
= 2(41(0) 07+ Z ( _7)\'> G2(A—1)
=1 j=m+1 J
m n Z) 2
<\ GO =+ D (31(0)—1—JA.> <s=-
=1 j=m+1 7
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for all t > 0. By Definite 2, it shows that =™ is stable. By Definition
3, the set C' is a continuous attractor of the network (2). The proof is
complete. |

Theorem 1 gives explicit representation of continuous attractor of
the network (2) using the eigenvectors of the connection matrix W. By
the representation, the continuous attractor could be looked at as being
solved from the networks. It gives a complete description of the con-
tinuous attractor. Moreover, Theorem 1 provides a method to construct
continuous attractors for network (2).

IV. LINEAR THRESHOLD RECURRENT NEURAL NETWORKS
The linear threshold RNN model can be described by

() +2(t) = Wo (x(t) + b

fort > 0, where z = (a1,..., ;vn)ly € R" is the state vector, W
is the connection weight, which is symmetric, and b = (by, ..., b,)"
denotes the external input. o(x) is a rectification nonlinear function
defined by

3)

o(s) = max{0, s}, s € R.

Definition 4: Let M be an n X n matrix, and let P C {1,2,...,n}
be an index set. The matrix Mp is said to be a submatrix of M if the
matrix Mp can be constructed from M simply by removing from M
all rows and columns not indexed by P.

Let P C {1,2,...,n} be an index set with p elements, and Z =
{1.2,...,n} — P. Then, the network (3) can be rewritten as

{ip(t) + xp(t):‘@’rp -0 (’L‘p(t)) +Wpz -0 (17('[')) +bp

iz(t) + xz(t):‘VZP g (Ip(t)) +W, -0 (’Ez(t)) + by @)

for ¢t > 0, where Wp and W are submatrices of W, Wp is a ma-
trix constructed from W by removing from W all rows not indexed
by P and all columns not indexed by Z, and W p is a matrix con-
structed from W by removing from W all rows not indexed by Z and
all columns not indexed by P.

By assumption, the synaptic matrix Wp is a symmetric matrix. Let
M@ = 1,...,p) be all the eigenvalues of W ordered by A\f >
Mo> )\5. Suppose that the multiplicity of A" is m(m < p),
clearly, \7 = \J =... =\ . Denote by V]; the eigensubspace as-
sociated with the largest eigenvalue A\ . Let S € V P (i=1,...,p)
be the unit elgenvectors that are mutually Orthogonal These eigenvec-
tors form a basis of V7 AP Suppose that

bp = zpjéf’ 57
=1

Theorem 2: Suppose that A = 1 and bp LV, If it holds that
1

Sesi+ % — APSF’>0
=1 Jj=m+1
m )
Wzp - [Z Gl + 9 — AP 57| 02 <0
=1 Jj=m+1
for any constants ¢; > 0(i = 1,. m) then
Z Ci SP + Z = APSP
C: i= j=m+1 b
Wap - [ Sasl4 Y Snst| 4o
J=m+1 J
ci>00@=1,....,m)

is a continuous attractor of (3).
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Proof: Since bp LV} thenbf = --- = b/, = 0. Clearly, C' is
a connected set. Given any »* € C, there exist constants ¢; > 0(i =
1,...,m) such that

P
o= eSP z —S7 >0
i=1 j=m—+1 J
* 7 P (53 P
xy =Wyp - ZC,S + Z S | +bz <0.
i=1 j=m+1 i

It is easy to show that =™ is an equilibrium point. Thus, the set C' forms
a connected set of equilibrium points. Next, we prove that C' attracts
trajectories, i.e., each x* € C' is stable.

Define two differentiable functions by

{ Ve(t) = |lzp(t) — 3|

Vz(t) = ez (t) — 23]

fort > 0.

Then, it follows from (4) that

Ve(t) = —2Vp(t) + 2[wp(t) — /v?»]T Wp - [o (xp(t) — ap]
+9[Lp(t)—¢p] py o (xy(t)) (6)

and

Vz(t) = =2Vz(t) + 2[ez(t) — 23] - Wzp - [0 (zp(t) — 23]
+2[ez(t) — %" Wz -0 (xz(t)) @)

fort > 0.
Given a constant € such that

0<e<min{x; (i € P),—x;(j € Z2)}
define a neighborhood B, of +™ by

B.= {J €R"

€ * -
o = abll < 5 llaz = a2l < IWaell-€ ).

It can be proven that each trajectory starting from B, will stay there
forever. We will show this by counterproof. Suppose x(0) € Be, and
the trajectory x(t) starting from x(0) cannot stay in B. for all ¢ > 0,
then two cases can happen.
Case 1: There exists at; > 0 with Vp(t;) = (¢/2)*, and there
exists £1 > t; such that V() is strictly increasing on the interval
(£)*. 0<t<t

[t1,%1], and
{ p(t
0 < (Warll-0? . 0<t < b,

Thus, it must hold that Vp(t) > 0 fort € [t, fl]. However, since
(I — W)p is positive semidefinite, from (6), it follows for ¢ € [¢1, t 1]
that

) <
) <

p(t)= = 2Vp(t)+2[ep(t) — 2p]" - We - [0 (zp(t) — 25
+2[ep(t) —ap]' - Wey - o (22(1)

—2Vp(t) 4 2[xp(t) —ap]"  Wp - [ap(t) — 2]
(I =W)p-[zp(t)—2p] <0.

—2[xp(t) — le]

This is a contradiction.
Case 2: There exists a ts > 0 such that

Vy(ts) = (|[Wezpll - €)*
and
Vz(t) < (IWzpll- ), 0<t<t
() < (5)° 0<t<ts.
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Thus, it must hold that Vy (t2) > 0. However, from (7), it follows that

Vz(ts)= — 2Vz(t2) + 2[wz(t2) — 23] - Wzp
o (wp(t))—ap]42[es () —ak] Wy -0 (w2(t))
= =2V (ta) 42wz (t2)—a}]" - Wayp - [wp(ts) —a}]
< = (IWzp| - €)* <0.

This is a contradiction.

The above implies that for any #(0) € B, it holds that x(¢) € B.
forallt > 0. Clearly, it shows that 2" is stable. Thus, C'is a continuous
attractor. The proof is complete. ]

Theorem 2 provides conditions for the network (3) to possess contin-
uous attractors. These conditions are given in terms of the eigenvectors
of the eigensubspace ‘/’5) , thus, the continuous attractors can be easily
constructed from the conditions of Theorem 2. The continuous attrac-
tors are explicitly represented by the eigenvectors and it provides a way
to completely master the continuous attractors.

It should be noted that the condition (5) is sufficient but not neces-
sary. For example, the network

1 -1 0 0
zt+z=|-1 2 O0|a(x)+ |0
0 0 0 1

possesses a continuous attractor as follows:

C

C = c>0

—c—1

1

However, it is easy to see that the condition (5) is not satisfied.

V. SIMULATIONS

In this section, we will give some simulations to illustrate the con-
tinuous attractors theory established in the above sections.
Example 1: Let us first consider a 3-D linear neural network

0 1 1 —0.5774
t+x=|1 0 —=1|xz+ | 0.5774 ®)
1 -1 0 0.5774
Denote
0 1 1 —0.5774
wW=1]1 0 -1 b= 0.5774
1 -1 0 0.5774

It can be checked that W has the largest eigenvalue Ay = 1 with mul-
tiplicity 2, and W has another eigenvalue —2. Moreover, b_LV}, . By
Theorem 1, the network possesses a continuous attractor. The contin-
uous attractor is in two dimensions. Fig. 1 shows the 2-D continuous
attractor of the network. The plane in the figure is the continuous at-
tractor. It divides the 3-D space into two parts. The figure shows that
40 trajectories starting from randomly selected initial points converge
to the attractor.
Example 2: Consider a 2-D LT network

'i?—l—:c:|:_11 _21}0(1*)4-{_01]. )

Denote

Let P = {1}, then

Wp=1 Wzp=-1 s =1

Fig. 1. Continuous attractor of linear RNN (8). It is a 2-D hyperplane. Trajec-
tories starting from the points close to the plane converge to it.

Fig. 2. Continuous attractor of LT RNN (9). The bold straight line is the con-
tinuous attractor. It is a connected set of equilibrium points and each of these
points is stable.

and
{C'SP>0

Wipc:SY+bs,=-c—1<0
for any ¢ > 0. By Theorem 2
¢
C:
{

c> ()}
is a continuous attractor.

Fig. 2 shows the continuous attractor of the network. The bold line
in the figure is the continuous attractor. The figure shows that 50 trajec-
tories starting from initial points close to the continuous attractor are
attracted to the continuous attractor.

VI. CONCLUSION

In this paper, the representations of continuous attractors of linear
RNNs and LT RNNs have been investigated. A continuous attractor is
defined by a connected set of equilibrium points, which forms a lower
dimensional manifold in the original state space. Moreover, a contin-
uous attractor must attract trajectories in some sense. This is imple-
mented by requiring each equilibrium point of the continuous attractor
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to be stable. Under some conditions, explicit representations of con-
tinuous attractors are obtained. By the representations, continuous at-
tractors of the RNNs can be completely described. The methods in this
brief could be possibly further developed to study continuous attractors
of more general networks such as stochastic neural networks with time
delays [16]-[18]. More research on this direction is required.
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