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Permitted and Forbidden Sets in Discrete-Time
Linear Threshold Recurrent Neural Networks

Zhang Yi, Lei Zhang, Jiali Yu, and Kok Kiong Tan

Abstract—The concepts of permitted and forbidden sets enable a
new perspective of the memory in neural networks. Such concepts
exhibit interesting dynamics in recurrent neural networks. This
paper studies the basic theories of permitted and forbidden sets of
the linear threshold discrete-time recurrent neural networks. The
linear threshold transfer function has been regarded as an ade-
quate transfer function for recurrent neural networks. Networks
with this transfer function form a class of hybrid analog and digital
networks which are especially useful for perceptual computations.
Networks in discrete time can directly provide algorithms for effi-
cient implementation in digital hardware. The main contribution
of this paper is to establish foundations of permitted and forbidden
sets. Necessary and sufficient conditions for the linear threshold
discrete-time recurrent neural networks are obtained for complete
convergence, existence of permitted and forbidden sets, as well as
conditionally multiattractivity, respectively. Simulation studies ex-
plore some possible interesting practical applications.

Index Terms—Complete convergence, discrete-time recurrent
neural networks, forbidden set, linear threshold, multiattractivity,
permitted set.

I. INTRODUCTION

ERMITTED and forbidden sets of linear threshold recur-
P rent neural networks were first proposed in [1] and further
studied in [2] and [3]. If a set of neurons can be coactivated at
a stable equilibrium point by some input, then it is a permitted
set. Otherwise, it is a forbidden set. Such concepts enable a new
perspective of the memory in neural networks. Permitted sets
can be regarded as memories stored in the synaptic connections
of a network, since by applying an input to the network, some
permitted sets can be selected. From a mathematical point of
view, the concepts of permitted and forbidden sets provide new
dynamics of recurrent neural networks; they deeply describe
some interesting dynamical properties. It is believed that per-
mitted and forbidden sets of neural networks can have potential
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practical applications. In [3], permitted and forbidden sets are
successfully applied to solve the problem of group selection by
using recurrent neural networks with lateral inhibition.

So far, permitted and forbidden sets have been proposed for
an important class of continuous-time recurrent neural networks
with linear threshold transfer functions. The linear threshold
transfer function is an unbounded function with a binary pat-
tern. Neural networks with this transfer function form a class of
hybrid analog and digital networks. The coexistence of analog
filtering with logical constraints on neural activation represents
a form of hybrid analog—digital computation that may be es-
pecially appropriate for perceptual tasks [3]. With the unsatu-
ration property of the transfer function, in [4], it has been ar-
gued that this transfer function is more appropriate for recurrent
neural networks, because cortical neurons rarely operate close
to saturation, despite a strong recurrent excitation. The linear
threshold transfer function has been used for modeling many
cortical networks [5], [6]. Linear threshold recurrent neural net-
works (henceforth to be called LT networks) have found many
applications, such as associative memory [7], winner-takes-all
[81, group selection [3], etc. In [9], LT networks are used to im-
plement a competitive layer model (CLM) for feature binding.
The LT networks can be built in silicon. In [1], an efficient sil-
icon design is demonstrated for LT networks and the coexistence
of analog amplification and digital selection in network circuits
is discussed.

The linear threshold transfer function is essentially non-
linear, and many complex dynamic properties may exist in
networks endowed with the transfer function. In [10], some
interesting boundedness conditions using local inhibition are
reported. Multistability of both continuous- and discrete-time
LT networks is studied in [11] and [12]. Multistability is an
important type of dynamics in recurrent neural networks. For
more results on this topic, we refer to [13]-[19].

This paper studies the permitted and forbidden sets of dis-
crete-time linear threshold recurrent neural networks. Discrete-
time recurrent neural networks have been widely studied by
many authors; see, for example, [12] and [20]-[26]. Such net-
works provide direct computational algorithms and they can be
easily implemented on digital hardware. Discrete-time networks
possess advantages for direct computer simulations over digital
simulation of the continuous-time neural network model. Gen-
erally speaking, dynamics of a discrete-time networks is dif-
ferent from the corresponding continuous-time networks. For
example, under the same conditions, a continuous-time network
may be stable, while the corresponding discrete-time network
may not. More results on continuous time networks can be found
in [8], [11], [14], and [27]. The study of the dynamics of dis-
crete-time neural networks is of prime interest. This paper es-
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Fig. 1. Relationship between input and output of the network.

tablishes basic theories of permitted and forbidden sets for dis-
crete-time LT networks. The main contribution from this paper
is the establishment of necessary and sufficient conditions, re-
spectively, for complete convergence, existence of permitted
and forbidden sets, as well as conditional multiattractivity. Sim-
ulation studies explore some possible interesting practical appli-
cations of the established theory.

The rest of this paper is organized as follows. Preliminaries
are given in Section II. Section III studies the complete con-
vergence of the LT discrete-time networks. The theory of per-
mitted and forbidden sets is presented in Section IV. Section V
studies multiattractivity. Simulations are given in Section VI to
further illustrate the theory. Finally, conclusions are given in
Section VIL.

II. PRELIMINARIES

The discrete-time linear threshold recurrent neural network
model can be described by

w(k+1)=[b+ Wa(k)]" (1

for k > 0, where [s]T = max {s,0} is a rectification nonlin-
earity, (k) € R™ denotes the state of the network at time &,
W = (W;;)nxn is the synaptic weight matrix which is assumed
to be symmetric, and b € R™ denotes the external input.

A vector z € R" is said to be nonnegative, denoted by x > 0,
if each element of x is nonnegative. A vector z € R is said to
be positive, denoted by « > 0, if each element of x is positive.

Denote the nonnegative orthant of the space R™ by

R} ={z|r e R",2>0}.

It is easy to see that any trajectory of the network (1) starting
in R} stays in R’} indefinitely, i.e., RY} is an invariant set of the
network (1). In this paper, it is assumed that each trajectory of
(1) is restricted to start from a point in the nonnegative orthant
R%.

Apointz* € RY is called an equilibrium point of the network
(1), if it satisfies

¥ =[b+ Wzt

An output of the network in response to an input is defined
to be some equilibrium point. There are two ways to look at the
inputs in recurrent neural networks. One is to fix an external
input b and to take initial vectors as network inputs. The other is
to fix an initial vector z:(0) and to take external inputs as network
inputs. In this paper, the latter way is adopted (see Fig. 1 for an
intuitive illustration).

Next, the definition of Lyapunov stability for an equilibrium
point is given.

Definition 1: An equilibrium x* is called stable, if given any
constant € > 0, there exists a constant § > 0 such that ||z(0) —
x*|| < 6 implies that

[ (k) — 2™ < e

for all £ > 0. An equilibrium point is called unstable if it is not
stable.

The concept of Lyapunov stability is associated with some
equilibrium points. The stable and unstable concepts describe
some local properties related to equilibrium points. If an equi-
librium point is stable, any trajectories starting from the points
closed to the equilibrium point will stay close to it. If an equilib-
rium point is unstable, then for whatever small neighborhood of
the equilibrium point, there must exist at least one point in the
neighborhood such that the trajectory starting from it will not
stay close to the equilibrium point. An equilibrium point can be
stable or unstable. However, in practice, only stable equilibrium
points can be observed.

Definition 2: Let x € R™ be a vector, and let P C
{1,2,...,n} be an index set. Then, z p is said to be a subvector
of x, if x p can be constructed from x simply by removing from
x all components not indexed by P.

Definition 3: Let M be an mn X m matrix, and let
P C{1,2,...,n} be an index set. The matrix Mp is said to be
a submatrix of M if the matrix M p can be constructed from M
simply by removing from M all rows and columns not indexed
by P.

Given two index sets P C {1,2,...,n} and Z =
{1,2,...,n}\ P, network (1) can be rewritten as

{ ap(k+1)=[bp +Wp - zp(k) + Wpz - 2z(k)]*

sz(k-i-l) = [bz+WZP'$p(k)+WZ'$Z(k)]+ )

for k > 0, where x p and x 7 are subvectors of z, bp and b are
subvectors of b, Wp and W are submatrices of W constructed
by removing from W all rows and columns not indexed, respec-
tively, by P and Z, Wpy is a matrix constructed from W by
removing from W all rows not indexed by P and all columns
not indexed by Z, and W p is a matrix constructed from W by
removing from W all rows not indexed by Z and all columns
not indexed by P. Clearly, Wp; and Wz p are not submatrices
of W.

Definition 4: A matrix M is called copositive if 27 Mz > 0
for any x € R”, and 7 Mz = 0 only if z = 0.

Lemma I [2]: A matrix M is copositive if and only if all pos-
itive eigenvectors of all submatrices of M have positive eigen-
values.

Lemma 2: A matrix M is copositive if and only if there exists
a constant o > 0 such that

T Mz > ozt z, z € RY.

Proof: Define a compact set
U= {:1:|:E € [R’ZT+‘7:ET:E: 1} CRY.
Taking

o T
a = gleltr]l {:E Ma:}
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since U is compact, there exists a vector z* € U such that
2*T Mz* = min {zTM:L} = a.
xeU

Since M is copositive, it follows that « > 0. The result now
follows and the proof is complete. [ |
Next, some properties of the linear threshold function will be
presented. These properties play important roles in the dynam-
ical properties of the network.
Lemma 3: It holds that

([u]+ - U) (u - [u]+) >0

forany v € Rand v € R;.
Proof: If u > 0, then [u]Jr = u, and

([u]+ - v) (u - [u]+) =0.

If u < 0, then [u] " = 0, and
([u]+ - v) (u - [u]+) =—v-u>0.

The result now follows and the proof is complete. [ |
Lemma 4: It holds that

[l = o] < fu =]

for any u,v € R.
Proof: The proof is trivial. [ |

III. COMPLETE CONVERGENCE

This section studies the convergence of the network (1). An
interesting question to address is whether each trajectory will
converge to an equilibrium point. This dynamic property of the
network is very important in many practical applications. If each
trajectory converges to an equilibrium, the network is called
completely convergent. Complete convergence of a neural net-
work implies the network has bounded dynamics, the absence
of limit cycles, and the absence of chaos. The concept of com-
plete convergence of a network is different from the concept
of Lyapunov stability of an equilibrium point. The former con-
siders the convergence of each trajectory, while the latter is con-
cerned with whether all trajectories starting from a small neigh-
borhood of an equilibrium point stay close to this equilibrium
point. Many results on Lyapunov stability of neural networks
have been reported in recent years because there exists well-es-
tablished Lyapunov stability theory in mathematics. However,
for complete convergence of neural networks, due to the lack
of analysis tools in mathematics in this aspect, rigorous results
are seldom reported. The most popular method for studying
complete stability is to construct energy functions. It should be
noted here that energy functions are usually different from Lya-
punov functions [14]. Generally, Lyapunov functions require
some positiveness while energy functions do not have such a
restriction.

To establish the theory of complete convergence of the net-
work, we construct the following energy function:

E(z) = %xT (I =Wz —aTb 3)
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for z € R. This energy function has also been used to study
the convergence of continuous-time recurrent neural networks;
see [2]. In [12], we constructed another energy function which
contains some integral parts for studying the convergence of dis-
crete-time neural networks. The energy function of (3) is sim-
pler since it is a quadratic function while the energy function in
[12] is not.

Lemma 5: If I — W is copositive, then the energy function
E is lower bounded in R} .

Proof: Since I — W is copositive, by Lemma 2, there must

exist a constant o > 0 such that

E(z) > %JZ‘TLL’ — 27

_a b1" bl oTh
2 * o * o 2a

)
2a
for all x € R’}. The proof is complete. ]
Define a set
up 0 -+ 0
0 wug -+ 0
U= . . . u; =0o0rl,1<7<n
0 0 - wu,

Clearly, each element of U is an n X n matrix and the set U has
total 2" elements. Using this notation, a representation of each
trajectory of the network can be obtained.

Lemma 6: Given any 2(0) € R, the trajectory of the net-
work (1) starting from z(0) can be represented by

ok +1) = H Uk — )W | - 2(0)

f[ Ui — YW | b+ U(k)b

J=0

k—1
>
i=0
for k > 0, where each U(i) € U. Moreover, every component
of z(k + 1) must be a polynomial of the elements of W with

order no more than k.
Proof: Ateach step k, there exists a matrix U (k) € U such

that

o(k+1) = U(k) [Wa(k) +b]

for k£ > 0. With iterations, the trajectory representation follows.

Since the set U has 2" elements, from the trajectory represen-
tation, each component of z(k + 1) must be a polynomial of the
elements of W with order of at most k. The proof is complete. B

Definition 5: The network (1) is said to be completely con-
vergent, if each trajectory of the network converges to an equi-
librium point.

Theorem 1: Suppose that the matrix I+ W is positive definite
and the matrix I — W is copositive, then the network (1) is
completely convergent for any input b and any initial conditions.

Proof: Denote

O(k+1)=z(k+1)—x(k)
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for & > 0. It can be calculated that
E(w(k +1)) — B(a(k))
= %HT(k +1)(I+W)0(k+1)
—0T(k+ 1) [Wa(k) +b—2(k+1)].
By Lemma 3, we have
0T (k+1)- Wa(k)+b—z(k+1)] >0
for £ > 0. Then
E(a(k +1)) - E(a(k))
< - éeT(k-i- DI +W)0(k+1)
< = nlla(k +1) — (k)| )

for k > 0, where 2n(n > 0) is the smallest eigenvalue of the
matrix [ + W. Then

lo(k +1) = 2(k)|* < % [E(z(k)) — E(x(k+ 1) (5)

for £ > 0.

By (4), E(xz(k)) is monotone decreasing. Since I — W
is copositive, by Lemma 5, the energy function E is lower
bounded. Hence, the sequence {F(z(k))} is a monotone and
bounded sequence. A limit must exist, i.e., there exists a con-
stant Ey such that

lim
k — 400

By (5), it follows that

E(z(k)) = Eo.

+oo
3 lla(k+1) (k)2 < %[E(z(O))—Eo] <00,
k=0
Thus
i ek + 1) = 2l = 0. ©)

Using Lemma 6, ||z(k + 1) — =(k)|| must be a polynomial of
the elements of W with an order no more than k. Inferring from
this fact together with (6), there must exist constants C' > 0 and
0 < B < 1 such that

a(k+1) — z(k)| < C- B

for k£ > 0. Given any € > 0, there exists a constant K > 0 such
that

K
C-8 <e.
1-65 —

Given any k1 > ko > K, it follows that

ki—1

> [a(r+1) = a(r)]
r=ko

ki1—1

S (e + 1) — ()l
r=ko

ki—1

<Cc-yop

r=ko

[l(k1) = x(k2)|

IN

C - px

1-p
<e.

IN

This shows that the sequence {x(k)} is a Cauchy sequence.
By the Cauchy convergence principle, there must exist a vector
x* € RY such that

lim
k — 400

(k) = x*.

It is easy to see that z* is an equilibrium point of network (1)
and the proof is complete. [ |
Theorem 2: Suppose that the matrix I + W is positive defi-
nite. Then, the matrix / — W is copositive if and only if for all
constant input b the network is completely convergent.
Proof: 1f the matrix I — W is copositive, using Theorem
1, for any input b the network is completely convergent.

Next, suppose that the network is completely convergent for
any input b; we will show that I — W is copositive by using the
method of counter proof. Suppose that I — W is not copositive.
Define a compact set

V:{x|x€R:‘_7xT:v:1}.
Denote

T
= I—- .
a = min {z" (1 - W)=z}
Since I — W is not copositive, clearly, @ < 0. Let z* be the min-
imum of Q = 27 (I — W)z on V. Then, 2* = argmin, cg, G,
where G = Q — a(zTz — 1). Define
P={ilzf >0,1<i<n}
Z={ilzfy=0,1<i<n}.

Then
oG
_ =0
ail?p r=x*
oG
—_— > 0.
aa}Z r=x* -

It follows that

Wp-zp=(1-a)zh
WZP . :C*P S 0.
Choosing an input as

b P = .ZL‘*P
bz =0
it is easy to check that the trajectory of (1) with initial condition

{or et

satisfies that

sp(h) = - 3 (1- )
:Cz(k) =

for £ > 0. Since o < 0, then

k
zp(k)=2p- Y (1—a) —+oo
r=0
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Components of x
N
(3]

Iteration steps

Fig. 2. A periodic trajectory of network (7). It illustrates that the copositive of
the matrix / — W is not sufficient for complete convergence.

as k — +oo. Clearly, the trajectory is not convergent. This is
a contradiction and it proves that the matrix I — W must be
copositive. The proof is complete. ]

Requiring the matrix I + W to be positive definite is an im-
portant condition. This is different from the continuous-time LT
networks [2]. For continuous-time LT networks, if W is sym-
metric, then the copositive of I — W is sufficient for complete
convergence [2]. However, for discrete-time LT network of (1),
copositive of 1 — W is not sufficient to guarantee complete con-
vergence. This can be illustrated by the following simple 2-D

network:
z(k+1) = K—Os _03>a:(k)+<i>]+ (7

for k > 0. Clearly, the synaptic weight matrix

0 -3
v=(% 7)
is symmetric and I — W is copositive. However, the matrix

I + W is not positive definite. The network is not completely
convergent. In fact, the network has many periodic trajectories.

oy

See Fig. 2 for illustration. Generally, discrete-time networks
have different dynamics from their corresponding continuous-
time networks.

IV. PERMITTED AND FORBIDDEN SETS

The concepts of permitted and forbidden sets were first pro-
posed in [1]. These concepts are closely related to Lyapunov
stability of equilibrium points and the network input b. A set
of neurons is said to be permitted if the neurons can be coac-
tivated at a stable equilibrium point by some input b. A set of
neurons is said to be forbidden if they are not permitted, i.e., the

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 20, NO. 6, JUNE 2009

neurons cannot be coactivated at any stable equilibrium point
regardless of what the input b is. The mathematical definitions
for permitted and forbidden sets can be given as follows.

Definition 6: A set of neurons with index set P is said to be
permitted if there exists an input b such that the network (1) has
a stable equilibrium point z* with the property

2F>0, i€P
r;=0, j¢P

A set of neurons is said to be forbidden if it is not permitted.
Theorem 3: A set of neurons with index set P is permitted if
and only if each eigenvalue A of Wp satisfies |A| < 1.
Proof: Suppose the set of neurons with index set P is per-
mitted. Then, there exists an input b such that the network has a
stable equilibrium z* with the property

zy >0, 1epP

z; =0, jeZ={1,...,n}\ P.
Suppose there exists an eigenvalue A of Wp with eigenvector
v satisfying |A| > 1, then we will show that this will lead to a
contradiction.

Since x* is stable, given any
ier}

there must exist a constant § > 0 such that ||z(0) — z*|| < ¢
implies that

xr*

0 < € < min { _t
[Well+ [Weel

{ lzp(k) — 2l <€
lzz (k)| < e
and

|7JT (zp(k) — w}‘;)| <e
|’UTWPZ . wz(k‘)| S €
for all £ > 0. Then, from (2), it follows that
xp(k + 1) — LE}; =Wp- (:Cp(k) — m*P) + Wpz xz(k)

for all k& > 0. By iteration, it gives that

k—1
zp(k)—zp=WE-(zp(0) — 2p)+>_ Wp ' ™7 - Wpz - 22(j)
§=0

for all £ > 0. Then

ol (zp(k) — o)
k-1 '

=\ (zp(0) — 23) + Z N1 T Wpy - 24(5)

§=0

a0 (3) e 21

for all k& > 0. Since |A| > 1 and |vTWpZ xz(k)| < ¢, the
power series

()

=0
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must converge to some constant c. It must exist 2:(0) such that

{ [2(0) — 2*[| <6
T (zp(0) —2%) + ¢ #£ 0.

Then, it holds that

im o7 (op(k) - o)

_ - k T *
=, dim A Jo” (@p(0) — ) + o]
=+ o<.

This contradicts that z* is stable. Thus, each eigenvalue A of
Wp must satisfy |A| < 1.

Next, suppose that each eigenvalue A of Wp satisfies |\ <
1. We will prove that the set of neurons with index set P is
permitted.

Define a point z* € R’} by

z; =1, 1€ P
z; =0, JjEZ.
Selecting an input b as
1-— Z Wij, 1 €P
b — jEP
L —1—Zwi]~7 1€ 74
JEP

it can be checked that x* is an equilibrium point of network (1).
Next, we will prove that z* is stable.
Since z* is an equilibrium point, it holds that

LE}; =bp -f—Wp:l?};
bz + WZPIC*P =-1<0

where 17 is a vector with each element as 1. Then, network (1)
can be rewritten as

{ ep(k+1) = [¢p + Wp - (ep(k) — 2p)+Wpz - 22 (k)]
wz(k+1) = [=1z4Wzp - (wp(k) — p)+ Wz - w2 (k)]
®

for £ > 0.
Given a constant e such that

1 1 1
0 < e<min , ,
- {||WP||+1 Wez|l+1 IIWz||+1}

define a constant ¢ by

5 € . { 1 1 } <
= — - min ,
2 [Well+17 [Wpz||+1

Define a neighborhood Bs of z* by

DO

Bs = { v € RY||a; — af| < 8(i € P)i|ay| < 6(j € Z)}.
Define another neighborhood B. of z* by
B.={weRi|z—ai| <eli€ Pya; =00 € 7)}.

We will prove by mathematical induction that for any :(0) €
Bg, it holds that (k) € B, forall k > 1.

By 2(0) € Bs, we have

QIZ(I) = 1z+WZP-(.’EP(O)—.’E}())‘}‘szz(U)]—F

[—
0

and

zp(1) = [zp + Wp - (zp(0) — 25) + Wpz - 22(0)]"
:a:*p + Wp - (l’p(O) - JJ*P) + Wpz - xz(O).

Then

llp(1) — 2|l
<IWell - lzp(0) = 25l + [[Wrzll - [22(0)]]

This proves that (1) € B.. Next, suppose z(k) € B, then we
will prove that z(k + 1) € B.. In fact, by z(k) € B, it follows
that

by +Wgzp - xp(k)]*

zz(k+1) =]
[~1z + Wzp - (wp(k) — zp)]
0

and

zp(k+1) =[5+ Wp - (vp(k) — zp)] "
=rp+ Wp-(vp(k) —2p)

then
lep (k1) —apl| < max (A} - [lep(k)—apl < e ©)

The above shows that z(k + 1) € B..
Thus, any trajectory starting from a point in B satisfies

{$P(k' +1) —ap = Wp - [zp(k) — zp]

27(k+1)=0 (10)

for k > 0. Since each eigenvalue A of Wp satisfies |A| < 1,
clearly, x* is stable, and so the set of neurons with the index set
P is permitted. The proof is complete. ]

Theorem 4: A set of neurons with the index set F'is forbidden
if and only if there exists an eigenvalue of W with its absolute
value larger than one.

Proof: The result follows directly from the definition of
forbidden set and Theorem 3. ]

To further study the properties of permitted and forbidden
sets, we need the following lemma, which is often called the
interlacing lemma.

Lemma 7 [28]: Let M be a symmetric n X n matrix with
real eigenvalues A; < Ay < --- < A, and let M, be an (n
1) X (n — 1) submatrix of M. Then the eigenvalues 71 < 72
-+« < mp—1 of M interlace the eigenvalues of M, i.e., \;
m <A <<y < A

Theorem 5: A forbidden set exists in network (1) if and only
if there exists an eigenvalue of W such that its absolute value is
larger than one.

<
<
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Proof: If an eigenvalue ) of W satisfies that |A| > 1, then,
by Theorem 4, the set of neurons with the index set {1, 2,...,n}
must be forbidden.

Suppose there exists a set of neurons where index set F' is
forbidden, then, by Theorem 4, there must exist an eigenvalue
Ay of Wg such that |Af| > 1. Using Lemma 7, matrix W must
have an eigenvalue A such that |A| > 1. The proof is complete.

|

Theorem 6: Any subset of a permitted set is permitted. Any
superset of a forbidden set is forbidden.

Proof: The resultdirectly follows from Lemma 7, Theorem
3, and Theorem 4. [ |

V. MULTIATTRACTIVITY
Define the set of equilibrium points of the network (1) by

5:{x’w:[Wx+b]+,x€R"}.

The set of stable equilibrium points, denoted by S, is a subset
of the set £, i.e., S. C &. The set S, can be connected or dis-
connected. If the set S, is connected, we say the network pos-
sesses continuous attractors. If the set S, is disconnected, we say
the network possesses multiattractive property. Both dynamical
properties are very interesting. In this section, we study the con-
ditional multiattractivity, i.e., the disconnection of set S, by se-
lecting some input b.

The set of equilibrium points £ is closely related to the set of
minimum points of the energy function

E(z) = %xT (I -W)z —az'p,

Denote the set of minimum points of the energy function £ on
the nonnegative orthant R"y by

n
xz € RY.

M = {x ‘x = argnﬁnmeRiE(x)} .

Next, we study the relationships among the three sets £, S,
and M.
Lemma 8: Tt holds that M C £.
Proof: Given any z* € M, define two index sets by
P={ilz; >0,1<i<n}
{Z:{i|xf:0,1§i§n}.

Then
OE o
81’1) P -
OF
— >0
8$Z r=x* N

It gives that
.1773 =Wp- .T}; +bp
Wzp 25+ bz <0.
Clearly, it follows that

* = [Wa* + bt

ie., z* € £. Thus, M C £. The proof is complete. [ ]

Lemma 9: Suppose that each eigenvalue A of W satisfies
[A\| < 1. Then, S. = £ = M. Moreover, the set of stable
equilibrium points S, is connected.
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Proof: We first prove that £ = M. By Lemma 8, M C &,
and it is sufficient to prove that £ C M. Given any z* € £, i.e.,
= [Wa* + 0"
we will prove that £(2*) < E(x) for any 2 € R’} Denote
f=z" —x.
It can be calculated that
=- %GT(I—W)H-I-HT[JU*—Wx* — b
_ %HT(I—W)M—&T- [[W:v*+b]+ - [Wx*+b]] .
By Lemma 3
o7 . [[Wx* SO - W+ b]} <0.
Then
E(z*) — E(z) < —%eT (I-W)é.

Since each eigenvalue A of W satisfies [A\| < 1, then [ — W
is positive semidefinite, and it follows that F(z*) < E(x) for
T € R’_}_. This shows that z* is a minimum point of F, i.e.,
z* € M, and so &€ C M. Using Lemma 8, it follows that
M= €.

Next, we prove that S, = £. Since S, C &, it is sufficient to
prove that £ C S.. Given any z* € &, we will show that z* is a
stable equilibrium point, i.e., z* € S.. From (1), it follows that

w(k+1)—z* =[b+ Wa(k)]" - b+ Wa*]"

for £ > 0. Then, by Lemma 4

ok +1) = 2| < W [a(k) = 7] |
= [o(k) = 2"1" W [a(k) — &"]

for k > 0. Let \;(¢ = 1,...,n) be the eigenvalues of W,
then A?(i = 1,...,n) must be the eigenvalues of W?2. By the
condition [\;| < 1(: = 1,...,n),A\? < 1(i =1,...,n). Thus

(k) — &*]T W [w(k) — 2*] < [la(k) — 2
for £ > 0. Then

le(k + 1) — 2| <[le(k) — 2]
< |l2(0) — <7

for k > 0. By Definition 1 for stable equilibrium points, clearly,
T* is stable, i.e., x* € S,. This shows that £ C S, and so
E=5..

Thus, we have proved that S, = £ = M. Since the matrix
I —W is positive semidefinite, then the energy function £ must
be a convex function; using this fact, it is easy to show that M
is a connected set. Thus, S, is also a connected set. The proof
is complete. |
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Definition 7: The network is said to be conditionally mul-
tiattractive if there exists an input b such that the set of stable
equilibrium points is disconnected.

Lemma 10: Suppose I + W is positive definite and I — W is
copositive. Then, given any constant ¢ € (0, +00), the set

D, ={z|x eR}, E(z) <c}
must be a bounded invariant set, and

Jm_ D= RS,
Moreover, given any index set Z, the components b;(i € Z) of
an input b can be constructed so that any trajectory starting in
D, satisfies
z;(k) =0, 1€ 7

for all £ > 1.

Proof: Given any x(0) € D,, i.e., E(z(0)) < ¢, since I +
W is positive definite, from the proof of Theorem 1, it follows
that

E(x(k +1)) < E(x(k))

for all k£ > 1. Then, F(z(k)) < FE(z(0)) < ¢ for k > 0. This
implies that z(k) € D, for k > 0, thus, the set D.. is an invariant
set.

Since I —W is copositive, by Lemma 2, there exists a constant
a > 0 such that

E(z) > ar’z — bz, z € RY.
Then, E(z) — +0o0 as ||z|| — +oo. This implies that D, must
be a bounded set, and
lim D.=RY}.

c— 400

Choose a constant II > 0 such that

||| < TII, forz € D..

Taking

by = —I||W|| — 1, i€Z

then

Zwijxj(k) +b; <0, ASA
7=1

It follows that x;(k) = 0(¢ € Z) for all k > 1. The proof is
complete. [ |

Theorem 7: Suppose that [+ W is positive definite and I — W
is copositive. Then, the network (1) is conditionally multiattrac-
tive if and only if W has an eigenvalue with its absolute value
larger than one.

Proof: Suppose the network is conditionally multiattrac-
tive, then we will prove that matrix W must have an eigenvalue
with its absolute value large than one. If this is not true, then
each eigenvalue A of W satisfies that [A| < 1. By Lemma 9, the

set S, of the stable equilibrium points of the network is a con-
nected set for any b. This contradicts the presumption that the
network is conditionally multiattractive.

Next, suppose that W has an eigenvalue with its absolute
value larger than one, then we will prove the network is con-
ditionally multiattractive.

Clearly, I — W is not positive semidefinite, i.e., it has at least
one negative eigenvalue. By assumption, I — W is copositive,
then any single neuron is permitted. Thus, [ — W has at least one
nonnegative eigenvalue. Using Lemma 7, there must exist two
neurons with index set F' = {f1, f2} such that the submatrix
(I — W)F has one negative eigenvalue and one nonnegative
eigenvalue. Clearly, the two neurons with the index set F' are
forbidden. Denote an index set Z = {1,2,...,n} \ F. Given
any sufficiently large constant ¢ € (0, +00), by using Lemma
10, there exists a bounded invariant set D. C R’} . Moreover,
components b;(i € Z) of an input b can be constructed so that
any trajectory starting in D, satisfies

z;(k) =0, 1€ 7
for all £ > 1. Then, in the invariant set D, network (1) can be
rewritten as

zp(k+1) =[bs, +wy g, - wp (k) +wy g, "sz(k)]:
zp,(k+1) =[bs, twp,yp, - wp (k) +wp,p, -5, (K)]
cik+1)=0, i€Z

(11)

for £ > 0.

Let S¢ be the set of stable equilibrium points of network (11)
in D.. Given any z* € S¢, it must hold that z} = 0(i € Z).
Moreover, since the set of neurons with index set I is forbidden,
1’?1 or 1’?2 cannot be both positive, i.e., one of them must be zero.
Next, we construct by, and by, so that S¢ is a disconnected set.

By the condition that I — W is copositive, it is easy to see that
1—w; > 006 =1,...,n). By I + W being positive definite,
it follows that 1 + w;; > 0(¢ = 1,...,n). Thus, it holds that

lwi;| < 1, i=1,...,n. (12)

Let Ay < 0 be the negative eigenvalue of (I — W) and

v = [vg,,v5,]" be the corresponding eigenvector, then

13)

{ (L= wp ) vp =W gy -V, = Af -0,
—wp v+ (L= wp,p,) - vp, = Ap vy,

By Lemma 1, any negative eigenvalue of (I — W) cannot have
positive eigenvector; it must hold that vy, -vy, < 0. Without loss
of generality, assume that vy, > 0 and vy, < 0. Then, it follows
from (12) and (13) that wyg, 5, = wg, 5 < 0.

Taking by, = —vy, and by, = vy,, define a point zf e R as

b
a:;[l =—I 59
1 - Wgy f1
wl=0, i#h
and define another point ot as
b 2
:1:322 =—F 59
L —wg, g
w=0,  i#fo.
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It can be checked that network (11) has only 2l and 2t asits  where
equilibrium points on the boundary of R’;. Moreover, by (13),

it holds that 1 1
1 1 . T bf1+wf1f2'$f2
i A= min T Tongl
br, +we, = <0 Wg, fa Wg, fo
f2 T W x}ifl (14)
bfl +wy, 1, Ty, < 0. i 1 . mji% bf1 + wy, f, -in
A3 = — -min =
Rewrite (11) as 2 (Wil lw g |
\
(& (k'—lrl):x]L +wpyp - (2 (k)—:z:]L - I .
fr f1 frfr fr f1 Given any 2:(0) € H+, itis easy to see that the trajectory of (16)
Vw55, (k)} + starting from z(0) satisfies that
_ 4 k=1 1
zp(k+1) = [bfz + W p '$}Lr1 twpg apk) 09 {xfz(k) =Ty, t Wy, [xfz(l) - xfz]
+ z;(k) =0, 7
twp - ($f1 (k)_'x;l):l ) b
[ 2:(k+1) =0, ieZ for £ > 1. Clearly, the trajectory converges to the equilibrium
/ i point wi and thus z+ is stable, i.e., :I:i € S¢.
for k£ > 0. Define a neighborhood of l by The above - shows that 57 - {xT’ xi} Since
- lime — 400 De = RY, then
; s, —al, [<allenl<a] 5. = {af ot}
H'={r eRY} i ’
ri =0, 07 f1,i # f2 Clearly, S, is a disconnected set. The proof is complete. |
where
VI. SIMULATION STUDY
(
t 1 ) xj;l by, +wy,f - ‘TL In this section, we will give some examples to further illus-
A= g ] trate the theories established in above sections. Let us first con-
|wf1f1| |wf2f1| . . .
sider the following 2-D network:
T b . n
fo T Wh g T 0.8 —0.5
Al =l imind S nit p(k+1) = [b+ <_0 s o ;) x(k)} (17
lwe, £, lwe, £, o
) for k > 0. Denote
Given any z(0) € HT itis easy to see that the trajectory of (15) W= 0.8 -0.5
starting from z(0) satisfies ~\-05 08 )°
- Then
{ T fr (k) = z;l + wlfclfi : I:xfl(l) - x;l:l
zi(k)=0, i#fi (02 05 _ (18 -05
=W={os5 02) "™W=ll05 18)

for k > 1. Clearly, the trajectory converges to the equilibrium
point :ch and thus z! is stable, i.e., zT € S¢.
Rewrite (11) as

It is easy to check that I + W has eigenvalues 2.3 and 1.3. Thus,
it is positive definite. Clearly, I — W is copositive since each
element is positive. However, I — W is not positive semidefinite
because it has —0.3 and 0.7 as its eigenvalues. By Theorem 7,

.
Tfy (k+1)= [bfl + Wy, £, '37;2 T W - Tp (k) this network is conditionally multiattractive, i.e., the set of its
tw ) (m (k) — xi + stable equilibrium points can be disconnected by some input b.
i f2 f2 Fig. 3 shows the conditionally multiattractivity of network (1)
zp(k+1)= [xi +wp, g, - (gij(k) - xi) (16) by choosing an input as b = [0.7071,0.7071]7 . The network has
three equilibrium points, two of them located on the boundary
Fwe, - Ty (k)} of Rﬁ_ are stable, and the other one is unstable.
zi(k+1)=0, ieZ The theory of permitted and forbidden sets of network (1)
can be used for group selection [3]. Given m groups of total n
for k > 0. Define neurons, define a group membership of the ath (1 < a < m)
group by [3]
Hi — {x c Ri ‘wfz - ‘Ti‘ < Ai lz g, | < Agr } ¢ = { 1, if the sth neuron is in the ath group
z; =0, 1# fr,i# [ > 0, otherwise
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Fig. 3. Conditional multiattractivity of (17). The two diamonds are stable equi-
librium points. The circle is the unstable equilibrium point. Clearly, the set S.
is disconnected.

for : = 1,...,n. Define the inhibitory synaptic connectivity

between neuron ¢ and neuron j by

Jij =] (1 -€¢). (18)
a=1
The connection matrix W of the network is defined by
W=al -3J (19)

where 1 > o > 0 and § > 0 are some parameters, .J =
(Jij), xn» and I represents the n x n identity matrix. The pa-
rameters « and 3 are selected so that Theorem 1 and Theorem
3 are satisfied, then network (1) can be used for group selec-
tion. To select a group, first choose an initial z(0), then provide
an input b to the network; the trajectory starting from z(0) will
converge to a stable equilibrium point 2*, and the permitted set
thus indicates a selected group £°. The relations between the se-
lected group &%, the stable equilibrium z*, and the input b can
be simply calculated out as

1

l—a

()" e = (€)" b

(20)

Let us consider an example of the ring networks [1]-[3] for
illustration. Suppose there are 15 neurons to be arranged in a
ring structure and every set of five contiguous neurons is in a
group. Then, we have total 15 groups. Taking « = 0.8 and
[ = 0.3, it can be checked that each 5 x 5 submatrix of W has
eigenvalue 0.8. Thus, by Theorem 3, each of the five contiguous
neurons, i.e., each group forms a permitted set. The network can
select a group by randomly providing an input b. Fig. 4 shows
that the network selects a group by a randomly selected input as

b= [0.46627 0.9138, 0.2286, 0.8620, 0.6566,
0.8912,0.4881, 0.9926, 0.3733, 0.5314,

T
0.181370.5019,0.4222,0.660470.6737} .

Components of x

0 5 10 15 20 25 30 35 40 45
lteration steps

Fig. 4. Group selection by the ring network. The components of the network
with positive value form a permitted set and the set indicates a group. The se-
lected group neurons are those with the index set P = {4,5,6,7,8}.

The selected group neurons are those with index set
P = {4,5,6,7,8}, and the output positive values are

24 = 4.3102
75 = 3.2831
76 = 4.4559
z7 = 2.4405
zs = 4.9630.

Next, we illustrate the analog—digital computation of network
(1) and further interpret its storing capability of patterns. When
the network converges to an equilibrium point, each neuron can
be either active or inactive and thus the network forms binary
computation; at the same time, each activated neuron carries an
analog value which endows the network analog computation.
The coexistence of analog and digital computation of the net-
work may be quite useful for some pattern recognition prob-
lems. Let us consider an example for illustration. Suppose that
we have four patterns of binary images in Fig. 5(a) with let-
ters L, o, v, e, respectively. Each image is 56 x 62 pixels. The
network is constructed by using 56 x 62 neurons. Then, four
patterns of binary images can be described by group member-
ships £, €2, €7, and £°. Using (18) to compute the matrices .J,
taking a = 0.99963 and 5 = 0.00055496, and computing W
by (19) (conditions of Theorem 1 and Theorem 3 are satisfied),
then the four patterns are stored as permitted sets in the network.
It should be noted that the four patterns are binary images and
the network does not carry any gray information of the images,
thus, the stored information contains actually the structure in-
formation of the patterns. However, the network can be used to
extract gray images if the input to the network are gray images.
In Fig. 5(b), each gray image is used as input of the network.
By providing each one to the network, the network converges to
an equilibrium point and the permitted set indicates an extracted
pattern; the activated neurons contains analog values and these
values represent the gray information. This fact can be further
confirmed by (20). Fig. 5(c) shows the output gray images of
the network.

Authorized licensed use limited to: Sichuan University. Downloaded on June 2, 2009 at 20:03 from IEEE Xplore. Restrictions apply.



962

(b)

Vv

Fig. 5. The analog—digital computation of the network. (a) The patterns of bi-
nary images to be stored as permitted sets of the network. (b) The input gray im-
ages which contain structure information of the stored patterns plus some extra
information and with 0.1 salt&pepper noise. (c) The outputs of the network.
The gray information of the images is from the analog values of the activated

i, owv
El A o

(c)

()

D

(®)

) O

Fig. 6. All subsets of each pattern are also stored as permitted sets in the net-
work. If the input contains part structure information of a pattern, the network
can only extract part from the input. (a) The patterns of binary images to be
stored as permitted sets of the network. (b) The input gray images which contain
half structure information of the stored pattern. (c) The outputs of the network.
The network can extract only half part from the inputs.

7 &

(©)

An important feature should be noted here: in order to extract
a complete pattern from the input, the input image should con-
tains all the structure information of the corresponding stored
pattern. According to Theorem 4, any subset of a permitted set
is also a permitted set, thus, if the network stores a pattern as
permitted set then all of its subpatterns are also stored in the
network. Any part information of the stored pattern can be ex-
tracted. If an input contains part information of the stored pat-
tern, the network can only extract part of the associated pattern
information. This fact can be easily seen from (20). Fig. 6 shows
such computation. The computation characteristics of the net-
work can be expected to find applications in data mining, data
analysis, etc.

The storing and extracting methods of network (1) in this
paper are different from that of associative memory imple-
mented by some earlier models [20], in which the associative
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memory is implemented by encoding inputs as initial condi-
tions to the networks and the memories are stored as stable
attractors. By providing an input to the network, it converges to
an attractor which represents the extracted memory in response
to that input. However, the attractor loses all the information of
the input. The theory of permitted and forbidden sets developed
in this paper provides new perspective of the memory in neural
networks. Network (1) stores memories as permitted sets,
and each output of the network depends on the input b; such
dependence is explicitly represented by (20).

VII. CONCLUSION

Some basic theories of permitted and forbidden sets of linear
threshold discrete-time recurrent neural networks have been
studied in this paper. Necessary and sufficient conditions are
established for complete convergence, existence of permitted
and forbidden sets, as well as conditionally multiattractivity.
The concepts of permitted and forbidden sets enable a new
perspective of memory in recurrent neural networks. Some ap-
plications have demonstrated the importance of these concepts.
By establishing the foundations of permitted and forbidden sets,
itis believed that more and interesting applications will be found.
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