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Abstract—The competitive layer model (CLM) can be described
by an optimization problem. The problem can be further formu-
lated by an energy function, called the CLM energy function, in
the subspace of nonnegative orthant. The set of minimum points
of the CLM energy function forms the set of solutions of the CLM
problem. Solving the CLM problem means to find out such solu-
tions. Recurrent neural networks (RNNs) can be used to implement
the CLM to solve the CLM problem. The key point is to make the
set of minimum points of the CLM energy function just correspond
to the set of stable attractors of the recurrent neural networks. This
paper proposes to use Lotka—Volterra RNNs (LV RNNs) to imple-
ment the CLM. The contribution of this paper is to establish foun-
dations of implementing the CLM by LV RNNs. The contribution
mainly contains three parts. The first part is on the CLM energy
function. Necessary and sufficient conditions for minimum points
of the CLM energy function are established by detailed study. The
second part is on the convergence of the proposed model of the LV
RNN:s. It is proven that interesting trajectories are convergent. The
third part is the most important. It proves that the set of stable at-
tractors of the proposed LV RNN just equals the set of minimum
points of the CLM energy function in the nonnegative orthant.
Thus, the LV RNNs can be used to solve the problem of the CLM. It
is believed that by establishing such basic rigorous theories, more
and interesting applications of the CLM can be found.

Index Terms—Competitive layer model (CLM), convergence,
energy functions, Lotka—Volterra recurrent neural networks (LV
RNNs), minimum points, stable attractors.

1. INTRODUCTION

HE competitive layer model (CLM) is formed by ar-
T ranging neurons in several layers. The neurons are
connected recurrently. It possesses a competitive mechanism
between the layers. This model has a good biological back-
ground. It is believed that in real biological neural networks
the competition exists in different layers of neurons. The CLM
was first proposed by Ritter [1] as a model for spatial feature
binding. It is known from neurophysiology and neuroanatomy
that information processing streams in the visual system are
divergent and located in separate brain areas. Feature dimen-
sions such as color, motion, location, and object identity are
processed along different pathways. Understanding the neural
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mechanisms of feature binding is very important both in neu-
roscience and practical applications. Since feature binding may
provide one of the basic sensory information processing princi-
ples [2], there is great interest in using similar mechanisms for
pattern recognition applications like image segmentation and
object recognition [3].

Mathematically, the CLM can be described by an optimiza-
tion problem. This optimization problem can be further formu-
lated by an energy function, called the CLM energy function, in
some subspace of nonnegative orthant. The CLM energy func-
tion provides an energy-based approach for feature binding. By
merging contextual constraints into an energy function, an en-
ergy-based approach can directly control the desired groupings.
Spin models [4]-[6] and relaxation labeling (RL) [7], [8] are
well-known energy-based approaches of feature binding. RL is
a standard technique in pattern recognition and computer vision
fields [9] which has found applications in a variety of different
problems [10]. However, these models share certain drawbacks
regarding their biological plausibility, since they either require
iterative discrete cluster update procedures or complex normal-
izing nonlinearities [3]. In [11], the relation of the CLM to RL
with regard to feature binding and labeling problems are dis-
cussed. It shows that feature binding with the CLM can be con-
sidered in the RL framework.

The set of minimum points of the CLM energy function
forms the set of solutions of the CLM problem. Solving the
CLM problem requires to find out the minimum points of the
CLM energy function. Since the structure of the CLM is a
recurrently connected network model, some recurrent neural
networks (RNNs) can be used to solve the CLM problem, i.e.,
implementing the CLM by RNNs. By making the attractors
of the RNNs correspond to the minimum points of the CLM
energy function, the CLM problem can be then solved by
running of the RNNs. In [3], linear threshold (LT) RNNs are
used to implement the CLM for feature binding and sensory
segmentation. LT RNNs possess many good dynamical prop-
erties and have been extensively studied by many authors; see,
for example, [12]-[15]. The LT RNNs have found many appli-
cations, such as associative memory [16], winner-take-all [17],
group selection [18], etc. For more dynamical properties of LT
RNNs, we refer to [19]-[23]. In [24], a learning mechanism is
presented for the CLM of LT RNNS.

Nevertheless, the rigorous theories of using RNNs to imple-
ment the CLM have not been established so far. The key point
of using RNNs to implement the CLM is to prove that the set
of minimum points of the CLM energy function just equals the
set of attractors of the RNNs. This is not easy; it requires to
completely understand the CLM energy function as well as the
corresponding dynamics of the RNNs.
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This paper proposes to use Lotka—Volterra (LV) RNNs to im-
plement the CLM. The model of LV RNNs was first proposed in
[25]. It was derived from the conventional membrane dynamics
of neurons with a sigmoid response function. LV RNNs pos-
sess good dynamical properties and have found many potential
applications in winner-take-all, winner-share-all, and k-winner-
take-all problems [26], [27]. In [28], some properties of per-
mitted and forbidden sets of LV RNNs are reported. More gen-
eral dynamic properties can be found in [29] and [30]. Some
hardware implementations of LV RNNs are now available [27].
The main contribution of this paper is to establish the impor-
tant basic theory: the set of stable attractors of LV RNNs just
equals the set of minimum points of the CLM energy function
in the nonnegative orthant, by rigorous mathematical analysis.
To establish such basic theory, it requires detailed study of the
CLM energy function as well as the corresponding LV RNNSs.
Three main steps will be carried out for this task. The first step
is to establish necessary and sufficient conditions for minimum
points of the CLM energy function. The second step is to estab-
lish a convergence property of the trajectories of LV RNNs. The
trajectories will be divided into two classes: interesting trajecto-
ries and uninteresting trajectories. Uninteresting trajectories are
those which converge to the set of unstable equilibrium points.
Such trajectories can be ignored in practice since the conver-
gence can be easily destroyed by some small disturbance. It will
be shown that each interesting trajectory is convergent under
some simple conditions. In the third step, it will be proved that
the set of minimum points of the CLM energy function in the
nonnegative orthant just equals the set of stable attractors of LV
RNNSs. Thus, LV RNNSs can be used to solve the problem of the
CLM.

This paper is organized as follows. In Section II, a brief de-
scription of the CLM is presented. In Section III, detailed study
for the CLM energy function is given. The implementation of
using LV RNNs for the CLM is studied in Section IV. Four
subsections are contained in this section. Some discussions are
presented in Section V to further illustrate the theories. Finally,
conclusions are given in Section VI.

II. COMPETITIVE LAYER MODEL

The structure of the CLM is a model of RNNs. Fig. 1 shows
the CLM network architecture. It contains a set of L layers and
with each layer there are N neurons. Thus, the CLM contains
atotal of N x L neurons. Neurons in each layer are connected
with each other and the connection weights are assumed to be
independent of any layers. Between different layers, only those
neurons that are arranged in a row are connected. Neurons in
each layer are required to be cooperative, while neurons in each
row are required to be competitive. The competition between
the neurons in each row can be implemented by using lateral
inhibitions. Each neuron has an external input which is also in-
dependent of the layer.

Throughout this paper, symbols «, 3, v, 7,1 < a, 3,v,1n <
L, called layer indexes, will be used to index the layers of the
CLM, and the symbols 4, j, k, r,1 < 7,5, k,r < N, called
row indexes, will be used to index the rows of the CLM. Thus,
the index 2« indicates that a neuron is located at sth row of ath
layer. Let z;, be the activity of the neuron located at icr, w;;
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Fig. 1. Structure of the CLM.

be the connection weight of neuron ¢« and neuron j«, and note
that each w;; is independent of the layer index o and w;; >
0. The external input for neuron i« is denoted by h; which is
also independent of the layer index. Throughout this paper, it is
assumed that h; > 0,2 =1,..., N. The CLM can be described

’ ’

by the following optimization problem:

L N

Y D WijTiaTja
a=11i,7=1

st.  @a>0, 1<i<N,

L
Z$ia:hi7 ISZSN
a=1

N

min —

1<a<L (1)

Solving the CLM problem means to find out the optimization
points in the space RV,

It is quite difficult to directly solve the optimization problem
of (1), since it contains two classes of constraints. Denote the
nonnegative orthant of RVZ by

RYF ={z|z eRNF 2, >0(1<i< NL)}.

Then, the CLM can be rewritten as another equivalent optimiza-
tion problem

. oN [ > 1L«
min 5 Z Z Tig — }Li — 5 Z Z WijTiaZja
i=1 \ =1 a=lij=1
NL
s.t. z € RY
2)

where C' > 0 is some sufficiently large constant. Thus, solving
the CLM problem (1) is then equivalent to find out the optimiza-
tion points of (2) in the space RY".

Generally, the optimization problem contains many optimiza-
tion points. Finding out such points is not an easy task. In this
paper, we will use a class of LV RNNss to calculate the optimiza-
tion points of (2).

Denote the nonnegative orthant of RV by

RY ={y|lyeRY, 5 >0(1<i<N)}.

Then, any vector = € Rf L can be written as
T T
T = (xl,...,xL)
where
To = (T1a,....7na) €RY, 1<a<L

Each z,, is called a layer of z.
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In this paper, denote by W = (w;;)nx n, I the identity ma-
trix, and

h = max {h;}

nax, h= min {h;}.

1<i<N

III. THE CLM ENERGY FUNCTION

The CLM energy function is defined by

1 L N
— E Z Z WijTialja

a=1i,j=1
3)
for z € RYE; see [1], [3], [11], [20], and [24]. Solving of the
CLM problem requires to find out the minimum points of the
CLM energy function FE(z) in the nonnegative orthant RfL.
Thus, it is important and interesting to completely understand
the conditions for a point in RYZ to be a minimum point of
E(z). It also plays crucial role to design a model of RNNs for
implementing the CLM.
Denote the set of minimum points of the energy function
E(z) in the nonnegative orthant R} > by

2

M = {x* ‘:1:* = argminxeRinE(a:) } .

This section will give detailed discussion on the set M. We
will address the problems: under what conditions a point in Rf L
can be a minimum point? And, if a point is a minimum point,
then what conditions must be satisfied? To completely address
these problems, necessary and sufficient conditions for a point
in RfL to be a minimum point will be established.

Let us first consider a simple case to get some intuitive illus-
tration for the CLM energy function. Consider the CLM net-
work with two layers and each layer contains only one neuron.
Then, the energy function becomes

-2 («'17%1 + 37%2)

C
E(:I?) = — (3?11 + X112 — h)2 D)

2
forz = (:1:1173312)T € Ri. If C > w > 0, itis a saddle surface.
Fig. 2 shows the saddle surface of the energy function with C' =
2,w = 1,and h = 1. There are four possible minimum points of
the energy function: (0,0)7, (0,2)7, (2,0)7, and (2/3,2/3)7.
However, (2/3,2/3)7 is a saddle point, (0,0)” is a maximum
point, and only (0,2)7 and (2,0)” are minimum points.

The CLM energy function E(z) is indeed a saddle hypersur-
face. In fact, the Hessian matrix of the F(z) can be easily cal-
culated out as

(CI—W) cI cI
cr - (CI-W) crI
H,, = .
crI cI (CT-W)1 \ ) on

Since wy; > 0,7 = 1,..., N, clearly, the matrix W must have
at least one positive eigenvalue. Let A be a positive eigenvalue
of W, then, it can be easily checked that NC' — X\ and —\ are
eigenvalues of the matrix H,,,. The Hessian matrix H,,, has both
positive and negative eigenvalues if C is sufficiently large, say,
C > A\/N. Thus, the CLM energy function has a saddle point
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Fig. 2. Energy function of the CLM with two layers and each layer contains
one neuron. It is a saddle surface.

if C > A/N.In the RYY space, the CLM energy function may
have many possible minimum points, however, some of them
are not really minimum points. Because each minimum point
of the CLM energy function can be looked as a solution of the
CLM problem, it is desired to establish necessary and sufficient
conditions for the minimum points in RY'” space.

The concept of minimum points is a local property of the en-
ergy function. If * is minimum point, it requires that E(z) >
E(x*) holds for all  in some small neighborhood of z* in RY ",
To explore the properties of minimum points of the CLM energy
function, let us give another representation of the energy func-
tion. Since F(z) is a quadratic function, given any z* € RYZ,
it holds that

E(«) - E(«")
= (VE@) ey )" (& — ")

+ oo — o) (V2E@)],_,.) (o —a*)
N L L N
= Z Z C (Z Ty, hL) _Zwijxﬂ (ziy xw)
=1 ~vy=1 n=1 7=1
oLl L
+ 52 Z (“W‘xv) (xn - wf])
vy=1n=1
1 - T
-3 z:l (x,y — a:f;) w (a:7 — :1:1;) @)
y=

for z € RYL. This expression could be very useful in the next
for analyzing the properties of the CLM energy function E(z).

To derive necessary and sufficient conditions of minimum
points of the CLM energy function F(x), several steps will be
carried out in advance. Let us first give an outline of the main
steps. In Lemma 1, some necessary conditions for minimum
points will be given. These conditions will be used in Lemma
2 to prove that all the minimum points must be contained in
some bounded range of IR_iA_f L, Using Lemmas 1 and 2, it will be
proved in Lemma 3 that each row of a minimum point must con-
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tain nonzero elements. Moreover, by Lemma 4, it will be shown
in Lemma 5 that in each row of a minimum point, it cannot have
more than one nonzero element. Thus, there exists one and only
one nonzero element in each row of any minimum point. Finally,
necessary and sufficient conditions for minimum points will be
established in Theorem 1.

Lemma 1: If * € M, then it holds that

L N
¢ (Z Tig — h) — Y wyri, =0, ifxr >0
g=1
L N
Cl| X ajp—hi| =X wijal, >0, ifaf =0
A=1 ~

forl <t < Nandl1 <~v < L.
Proof: Since z* € M, by (4), it must hold that

oF
o= =0, ifz: >0
8:177:’\/ r=x* 7
OF .

>0, ifzr, =0
axi’)’ r=x* 7

for1 <+ < N and 1 < v < L. The result now follows and the
proof is complete. u
Next, we show that all minimum points are located in some
range if C' is sufficiently large.
Lemma 2: Suppose that

N
c > Z |w”|

ij=1
If x* € M, then
. Ch
Tjy = N
C— > |wil
i k=1

5

forl<j< Nandl1 <~y < L.
Proof: Let

¥

ke

:max{a:j”lngN;lgfygL}.

If 7, = 0, clearly Lemma 2 holds. If ], > 0, using Lemma
1, it follows that

L N
C Z.Tq*ﬂ — h7 — Zwi]-x;fn =0.
B=1 j=1

Since

L N
Jj=1

=1
N
>C (‘T;'ka - h) - x?a Z |wa|
k,j=1

N
=al, | C—= > |wil | —Ch
k

=1

then
. ch
xia ~ N—
C— > |wkl
k,j=1
The result now follows and the proof is complete. [ |

Lemma 3: Suppose that

o> (3+1)
h

If z* € M, then, given any row index ¢, there must exist at least
one layer index « such that 7, > 0.

Proof: Otherwise, suppose there exists some row index ¢
such that z7, = 0 forally =1,..., L. By Lemma 1, it follows
that

N
> wisl-

4,j=1

L N
o (Sr o) - Swaes, 20
B=1 j=1

However, using Lemma 2, it gives that

L N
C D aip—hi| =Y wij,
B=1 j=1

N
—Chi— E wijx;'f,y
j=1

N
<-Ch+ Z lwij| 5.,
k=1
N _
<-Ch+ Z |wg;| - +
kog=1 C— > |wgl
k=1
< 0.

This is a contradiction. It implies that given any row index g,
there must exist a layer index o such that ., > 0. The proof is
complete. ]

Lemma4: Suppose that z* € IR_iA_’ L 1f there exists a row index
1 with two different layer indexes v and (3 such that

L N

C Z Ll?l-,y — hi — Z wijll?ja =0
y=1 7j=1
L N

C va‘,fy_hi - Zwijij):o
y=1 7j=1

and z7, > 0, then z* ¢ M.
Proof: Define a vector v1 € RYL by

-1, ifjy =i«
U}V:{L if jy =40
0, otherwise
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for1 < 7 < Nand1l < v < L. Then, for each sufficiently
small constant ¢ € (0, z7,), it holds that z* + vie € RYE, and
it gives from (4) that

E (a:* + vh) —E(z")
C - Wiq 62 2 2
I % <U+m N U’rm)

= CeQUmvT
_ . N i
+ (C <Z Ty, — hi> - Zwijx’;a vjae
=1 j=1
- . N -
+ | C (Z x’{,y — hi) — Zwijw;@ vjﬁe
Jj=1

r=1
= —w;;€’

<0.

This implies that z* cannot be a minimum point of F(z), i.e.,
x* ¢ M. The proof is complete. ]

Lemma 5: Suppose that x* € RfL. If there exists a row index
1 with two different layer indexes « and /3 such that

T >0 xi5>0

then z* ¢ M.
Proof: Otherwise, suppose that z* € M, then, by Lemma
1, it follows that

L
c\ X, -
y=1
L
C| X i -
~=1

Using Lemma 4, it gives that z* ¢ M. This is a contradiction
and the proof is complete. ]
Theorem 1: Suppose that

o> (i)

Let 2* € RﬁL. Then, z* € M, if and only if given any row
index i(1 < ¢ < N), there exists one and only one layer index
a(l < a < L) such that

N
}Li — Z wija:’;-a =0
j=1

N
hi - Z wija:;fﬂ = 0.
Jj=1

Z |wis] . (5)

i,7=1

« | >0, ify=a
xi“’{:O, ify# « ©)
and
N
C (27, — hi) = - wijzs, =0
5 (7)

C (7o — hi) =

Zw” zj, >0, fory# o

j=1

Proof: (Necessity) Suppose that z* € M, then we will
prove that (6) and (7) are true.

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 21, NO. 3, MARCH 2010

Given any row index ¢, by (5), using Lemmas 3 and 5, there
exists one and only one layer index «, 1 < o < L, such that (6)
holds. Next, we prove that (7) is true. By Lemma 1, it holds that

L N
C| X zh, —hi| =) wijzi, =
n=1 j=1
L N
C Zibfn—hi _Zwij$77207 ifry;éa
n=1 j=1
for1 <y < L. Weclaimfory # a,1 <y < L, that
L N
¢ (Z iy = hi) - ZWW}% > 0. )
n=1 j=1

If this is not true, then there must exist a layer index (3 # « such
that
L
*
C Z Tin —
n=1

L
cly Tl —
n=1

By Lemma 4, it gives that * ¢ M, which is a contradiction.
This implies that (9) is true. Thus, from (9) and (8), it holds that

ify=a«a
®)

N
hi — Z wijz;a =0
i=1

N
hi - Z wijx;’fﬁ =0.
J=1

L N
Cl > = hi | = > wiz, =0, ify=a
n=1 i=1 10)
L N (
cl > x — > wijz;, >0, ify#a
n=1 j=1

for 1 < v < L. Now, (7) follows by substituting (6) into (10).
The proof for necessary part is complete.

(Sufficiency) Given any row index 7, suppose that there exists
one and only one layer index « such that (6) and (7) hold, then
we will prove that z* € M.

Denote

N
* *
Tiy = C(.Tm — hi) — E wijxﬂ
j=1

for1 <i¢ < N,v# «,and 1 <y < L. Clearly, each 7, > 0.
Define a neighborhood of z* by

NL * . T .
D= fremlisasis, {7 0siv)

Then

E(x) — E(z7)

N L N L L
c *
= Z Z TinTiy + ) Z Z Z (‘T’in - xin)
i=1 y=1,v#« i=1 y=1n=1
1 L
X (Tiy — z7,) — 2 Z W (zy — %)
y=1

N L
=D Y iy + O (wia — 2l @iy
=1 y=1,v#«
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+ (@ia — )

2 o]
N L
>3 > iy + C(@ia — a5 wiy
i=1 y=1,v#«
C N L
+ 5 Z Z ‘Tzzﬂ/ + (.1171(, x;‘a)Q
i=1 | y=1,v#«
1 L T
D) Z (lv - x:) w (xv :cf/)
v=1
N L
= Z Z [71'1'7 + C (xwf xza)] ‘TVY
i=1 y=1,v#«
1 L T
+ 5 Z (zy — w:) (CI-W) (zy — w,y)
v=1
1 - T
> 3 Z (zy —a2) (CI=W) (zy — %)

for all z € D. By (5), the matrix (CT — W) must be positive
definite. Thus, it holds that

E(z) — E(z") >0

for all x € D. This shows that * € M and the proof is com-
plete. ]

Theorem 1 establishes the necessary and sufficient conditions
for minimum points of the CLM energy function E(z). The
conditions (5)—(7) are crucial for using LV RNNs to implement
the CLM in Section IV.

IV. IMPLEMENTING THE CLM BY LV NETWORKS

Solving the problem of the CLM requires to find out the min-
imum points of the CLM energy function £(x). Implementing
the CLM by RNNs means to design some RNNSs so that trajec-
tories of a designed RNN can converge to minimum points of
the CLM energy function. Generally, a point in R} ” is called
a stable attractor if it attracts all trajectories starting from the
points around it. If an RNN is designed so that the set of stable
attractors just equals the set of the minimum points of the CLM
energy function, the RNN could be looked as a perfect one.
In last section, we have derived necessary and sufficient con-
ditions for minimum points of the CLM energy function E(z).
If the constant C is sufficiently large, i.e., (5) holds, then a point
z* € RYT is a minimum point of E(x) if and only if it satisfies
both (6) and (7). Thus, to implement the CLM, it is sufficient to
design an RNN so that each stable attractor of the network sat-
isfies these conditions. The model of LV RNNs possesses many
good and interesting properties. We will show in this section that
the CLM can be implemented by using LV RNNs.

A. The Model of LV Networks

The proposed model of LV RNNs that will be used to imple-
ment the CLM can be described by

:I.?ia(t) = .Tia(t) C|h;— Z :vm(t) + Z’U)ijxja(t)

(1)
fort >0and1 < i < N,1 < a < L. Where z(t) € RV
denotes the state of the network at time ¢, it can be written as

w(t) = (a7 (1),....aT ()"
with

xa(t):(xla(t)7"'7xNa(t))T€RN7 ISOJSL
Each vector z,(t) € RY is called a layer of the state (t).

Trajectories of the network (11) are expected to converge to
minimum points of the CLM energy function E(z) in RY*
space. Itis a basic requirement that any trajectory of (11) starting
from a point in RY” remains in R} for ever. This basic re-
quirement can be guaranteed by Lemma 6.

Lemma 6: Given any z(0) € RY%, it holds that

{2

forallt > 0and1 <7< N;1 <a< L.
Proof: Denote by

if 7;0(0) > 0
if Tin (0) =0

L N
Via(t) = C | h; — Z zip(t) | + Zwijxja(t).
B=1 j=1

Then, from (11), it follows that

Tia(t) = Zia(0) exp </Ot Um(s)d5> { z 8:

forallt > 0and1 <7 < N;1 < a < L. This completes the
proof. [ |

Because it is expected to use the network (11) to look for
minimum points of the CLM energy function E(z) in RYZ,
and each trajectory of the network (11) starting from a point
in RY" remains in the RY” for all the time, in the next part of
this paper, it is restricted only to consider the trajectories staring
from points in Rﬁ L

if ;4 (0) >0
if Tio (0) =0

B. Equilibrium Points Analysis

This section studies the properties and distributions of the
equilibrium points of the network (11) in RfL space. Equi-
librium points of the network (11) are special vectors in Rf L
space, and any trajectory starting from an equilibrium point
stays at the point forever.

Definition 1: Suppose that z* € R} Z_If it holds that

L N
zi, | C | h; — Z:L:kﬂ + Zwijx’;a =0 (12)
p=1 j=1
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for1 <¢ < Nand1l < a < L, then z* is called an equilibrium
point of network (11).

The equilibrium points are distributed in the space Rf L In
this paper, denoted by £ is the set of all the equilibrium points
of network (11) in RY L.

The linearization of network (11) in a neighborhood of an
equilibrium point z* plays important role in stability analysis.
Next, the expression of the linearization is given.

Lemma 7: Let z* be an equilibrium, then the linearization of
network (11) at z* is given by

d[zia(t) — 27,]
dt

L N
= [zia(t) —2i,] |C | hi — Z 33;3 + Zwijw;a
=1 j=1

L N
=C Y (wip()=aip) +Y_wij (wja(t)=},)
7j=1

B=1
(13)
fort >0and1 <:< N,1 <a< L.
Proof: From (11), it follows that
dzia(t) — 27,]
dt
= [wia(t) — 27
N N
x |C hz — Z .Z‘;g + Zwijx;a
B=1 j=1
+ Z Wij waa - ‘Tja)

L
—CZ (.1‘13
B=1

( Z ‘Tzﬁ + Z Wi; T Ja

+wa Tja(t )ifa)

B=1

L
—CZ (szg
] N N
C h,—Zx:‘ﬂ —|—Z’wqjj$;ﬂ

B=1 7j=1
+Zw1] Tjalt 'a)

The result now follows by removing the higher order term. The
proof is complete. [ |
Next, we show that under some conditions, all the equilibrium
points are located in a bounded set.
Denote

Ch
C- Z Iwul

i,7=1

H_
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Lemma 8: Suppose that
N
Cc > Z |w”| .
ij=1
Define a set by
D={zeRY"|z;, <IL(1<j<N1<y<L)}.

Then, it holds that £ C D.
Proof: Given any z* € &, suppose that

xl, :max{w’;”l SjSN;lffySL}.
If 27, =0, clearly, z* € D.If z},, > 0, from (12), it must hold
that
L N
C hi—z.r;kﬂ +Zw”$;a:0
B=1 j=1
Since

L N
= aly | Y wial,
=1

B=1
N
S h ia xta Z |wa|
k,j=1
=Ch—a}, | C— Z |w;|
k,j=1

it gives that 27, < II. Clearly, z* € D. The proof is complete.

|

We are especially interested in such equilibrium points that
possess some stability properties.

Definition 2: Suppose that z* is an equilibrium point of net-

work (11). The equilibrium point z* is called stable, if given any

small constant € > 0, there exists a constant 6 > 0 such that

|2ia (0) — 27, | <6, 1<4< N, 1<a<L
imply that
|Tin(t) — 25| <€, 1<:<N, 1<a<L

for all ¢ > 0. The equilibrium point z* is called unstable, if it is
not stable.

Denote by &, the set of stable equilibrium points, and denote
by &, the set of unstable equilibrium points. Clearly, it holds
that

E=E,UE ENE=¢

where ¢ denote the empty set.
Lemma 9: Suppose that

h
C 1
>(h+>

If z* € &, then, given any row index 7, 1 < ¢ < N, there must
exist at least one layer index « such that =}, > 0.

Z lwij! .

i,7=1
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Proof: Otherwise, suppose the opposite is true, then there
exists a row index ¢ such that 27, = Oforall1 < o < L. By
using (13) of Lemmas 7 and 8, it follows that

L N

* *

C|h;— E Zig +E Wi o
=1 j=1

a}ia (t) =Tin (t)

N
Ch—T1) " |wg;]

Z mia(t)
i k=1
for t > 0. Since by condition
N
Ch—T0 Y |wk,| >0
k=1

then it follows for z;,(0) # 0 that

N
Tia(t) > mia(0)expq |Ch—T1 Y |uy || t
k,j=1
— 4+ 00

as t — +o00. This contradicts that z* € &,. Thus, there must
exist a layer index « such that =}, > 0. The proof is complete.
u

Lemma 10: Suppose that

7
C —+1
>(h+)

If * € &, then, given any row index i,1 < ¢ < N, there must
exist one and only one layer index « such that

{x}fa >0
zf, =0,

Proof: Given any row index ¢, by Lemma 9, there exists
at least one layer index « such that z7, > 0. Suppose there
exists another layer index 3(« # /) such that 77, > 0. We will

show that z* is unstable. In order to prove z* is unstable, it is
sufficient to prove the following 2-D system:
L
E3
Z xi’y

v#a,B

N
> wisl-

i,7=1

for v # a.

/

Tio = Tia |C <hi — Tiq — Tig —

N
*
+W;iiTin + Z Wi T jq
J#i

g = xi8 | C (hi — Tjq — Tig —

izm)

"/#t_r,ﬁ

N
Fw;;irig + Z wij:v;ﬁ
J#

\

is unstable at (z7,,;5). The Jacobian matrix of the above
system at (x},,x}5) is given by

z, (=C + wii)

*
—Cz},

J =
27 (=C + wi;)

*
‘T’iﬁ

Let A1 and A2 be the eigenvalues of the matrix J, then

Ado = ||
* % 2 * %
=2;,775 (—C +w;i;)” — xml’iﬁc2
:wfaxfﬁwii (U}” - 20)

<0.

This shows that either A1 or A» must be positive, thus (z7,, 7}5)

is unstable. The proof is complete.
Lemma 11: Suppose that

h
C —+1
><h+>
Then, the set of stable equilibrium points £; must be isolated.
Proof: Letz* and z! be two stable equilibrium points. Two
cases will be considered next.

Case I. Given any row index ¢, there exists a layer index «
such that

N
> lwijl -

ij=1

ziy >0 a:ja =0.
Using Lemma 10 and (12), it follows that

N

*
> WijT,
i=1

* — h,
wza + C

By Lemma 8, it follows that

lo* — at|| > ok, — 2],

N
_Zl lwij|z7,
>h— 1=
- C
7 N
o= (G+1) 2w
h ig=1
>
N
h (C— > |U/ij|>
ij=1

> 0.

Thus, there is a distance between x* and :cT.
Case II. Given any row index 4, there exists a layer index «
such that

ziy >0 a:jﬂ > 0.

By using Lemma 10 and (12), it holds that

]\T
C(hi—zi)+ > wijzi, =0
j=1

C (h,; — a:ja) + ]él wija:ja =0.

Then

N
-C [a:fa — a:ja} + ;wij [w;‘a — xja} =0.
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It follows that

N
Clle* =2t < 3 Jwigl - |la* — 2T,

4,j=1

Clearly, z* = .
Thus, z* and xT either are equal or have a distance. This
shows that £ must be isolated. The proof is complete. [ |

C. Convergence of Trajectories

In order to use the LV network (11) to implement the CLM,
one must address the problem of whether each trajectory of the
network is convergent. This section studies the convergence of
the trajectories of network (11).

The set of equilibrium points £ of network (11) is composed
of two disjoint sets £ and &,,. The set &, is composed of the un-
stable equilibrium points, i.e., each element of £, is an unstable
equilibrium point. Given any neighborhood of &,, no matter
how small it is, there must exist points in the neighborhood such
that the trajectories starting from them will diverge. However,
there may still exist some trajectories that converge to the set
E.. A trajectory x(t) is said to converge to &,,, if

lim inf ||z(t) — :E]LH =0.
oo zleg,
It is well known that in practical applications only stable equi-
librium points can be observed. The above convergence can be
easily destroyed by some small disturbances. Thus, from the ap-
plication point of view, trajectories converging to the set &, are
not interesting and can be ignored.

Definition 3: A trajectory is called uninteresting, if it con-
verges to a set of unstable equilibrium points. A trajectory is
called interesting if it is not uninteresting.

Next, we will address the problem of whether each interesting
trajectory is convergent.

Definition 4: Given any zo € RY", let z(¢, z0) be a trajec-
tory starting from . A point z1 € R is called an w-limit
point of x(t, xq), if there exists a time sequence {t; } with ¢t —
+o00 as k — 400, such that

kEI—lr—looa: (tr, o) = ol
Denote by € (z) the set of all w-limit points of z(¢,z¢) and
call Q2 (z¢) the w-limit set of (¢, z).
Lemma 12 [29]: If 2:(t, z¢) is bounded, then (z() must be
a connected set.
Lemma 13: Each trajectory of (11) is bounded.
Proof: Denote

Ch
1T = max { (0], — +1
C— 2 |wil
ij=1
It will be proven that
Tio(t)<Il, 1<i<N, 1<a<lL
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for all ¢ > 0. Otherwise, there must exist a row index ¢ and a
layer index « and time ¢; > O such that 4;,(¢1) > 0, and

1 <M, 0<t<ty,jf=ia
iat =1 jot il ' .
Tin(t1) xm‘(){SH? 0<t<t,jB#1ia.

However, from (11), it gives that

I N
Tia(t1) < @ia(t1) |C (hi — zia(t1)) + Zwiﬂja(tl)
=1
I o N
Sxm(tl) C(h—H) + 11 Z |wkj|
| ki=1
<0.

This is a contradiction, thus, each trajectory of (11) must be
bounded. The proof is complete. |
Lemma 14: Along each trajectory of network (11), the CLM

energy function E(x) satisfies that

E(z(t)) <0

E(xz(t)) =0, ifandonlyifz(t)=0
forallt > 0.

Proof: Tt follows from (3) and (11) that

. N L [ L N
E)==Y "> |O|hi=)_ wislt) | +D_ wijwja(t)
i B=1 j=1

1=1 a=1

X iia(t)

N L L N 2
== > |C [ hi= D wislt) |+ wijzjalt)

i=la=1 | =1 i=1

X xia(t)

<0

for ¢ > 0. Clearly, E(t) = 0 if and only if
I N
C | hi =Y wip(t) | + D wijzja(t) =0
p=1 j=1

orz;o(t) =0fort >0and1 <37 < N,1 <a < L.By(11),it
gives that £(¢) = 0 for ¢ > 0. The proof is complete. ]
Theorem 2: Suppose that

h
C>(E+1>

Then, each interesting trajectory of the network (11) converges
to an equilibrium point.

Proof: By Lemma 13, z(¢, x() is bounded. Then, there ex-
ists a bounded closed set S C RY” such that z(t,z9) C S
forall ¢t > 0. Let (z) be the w-limit set of x(¢, zo). Clearly,
Q(x0) # ¢, and Q(z) C S. By Lemma 14, E(z(t, 2)) < 0
fort > 0, and z(¢,29) C S, then E(x(¢,2¢)) is a monotone
decrease bounded function, thus, there must exist a constant Ej
such that

N
> wisl-

t,j=1

lim E(z(t,z¢)) = FEp.

t—+oo
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Forany y € Q(zo), letz(t, y) be the trajectory of (11) passing
through y. Clearly, :(¢,y) € Q(z) for every ¢t > 0. Since E is
continuous, then E(z(¢,y)) = Eq for all t > 0. Moreover

E(z(t,y)) =0, t>0.

Then, it follows that & (¢,y) = 0 for all ¢ > 0. This implies that
x(t,y) = y is an equilibrium point, i.e., y € £. Since y is arbi-
trarily chosen in §2(z¢), then all the points of () are equilib-
rium points, i.e., Q(x¢) C €. Moreover, () C &, otherwise,
x(t, o) must be an uninteresting trajectory. Since by Lemma
11, the equilibrium points in £, are isolated, then the points of
Q(xg) are also isolated. By Lemma 12, every w-limit set is con-
nected, then €2(x() must contain one equilibrium point z* only.
Thus, x(t, z¢) converges to z*. This completes the proof. ®

D. The Set of Stable Attractors

Definition 5: Let £* be a stable equilibrium point. It is called
a stable attractor, if there exists some small neighborhood B of
x* such that 2(0) € B implies that

i zia(t) = @,
forl<:< Nandl1l < a < L.

A stable attractor is an equilibrium point with the following
properties: 1) it should be stable in the sense of Definition 2, and
2) it must attract trajectories around it. In this paper, we denote
by S the set of all stable attractors of (11). Clearly, S4 C &s.
In this section, the main purpose is to prove that M = Sy4.

Lemma 15: Suppose that

E N
C > (E‘l—l) Z |’U)ij|.

ig=1

Then, it holds that S4 C M.
Proof: For any z* € S4 C &, it will be proved that
r* e M.
Given any row index i(1 < 7 < N), since z* € &;, by
Lemma 10, there must exist one and only one layer index a such

that
xr, >0
2%, =0,

Since z* is an equilibrium point, from (12), it holds that

for v # a. 14)

N
C (hi —a},) + Y wizf, = 0. (15)
j=1

Using Lemma 7, it gives for v # « that

N
Fin (1) = win (1) | O (hs — 23,) + Y wija,
j=1

for t > 0. Then

N
Ty (t) = min(0) exp Q| C (hi — aly) + Y wijal | ¢
j=1

for ¢ > 0 and v # «. Since x* is a stable attractor, it must hold
that

N
C (hL — Jira) + Zwijx;’y <0,

i=1

for v # a. (16)

By (14)—(16), using Theorem 1, clearly, z* € M. The proof is
complete. ]
Lemma 16: Suppose that

E N

i,7=1

Then, it holds that M C S4.

Proof: Let z* € M. By Theorem 1, given any row index
i(1 <14 < N), there exists one and only one layer index (1 <
a < L) such that

zj, >0 (17)
r}, =0, fory#a
and
N
C (.Z‘;k(y - hz) - Z wijx’;ﬂ =0
N (18)
C (2}, —hi) = - wijzl, >0, fory# a.
j=1
Denote two index sets by
P={ialz:, >0;1<i< N;1<a<[L}
Z = {inlef, =0;1 <i < N;1<y<L}.

Define

lzzll= | X =%,
ivEZ

lzp =23l = [ & (2ia —2},)"
ia€EP

Given vy € Z, by Lemma 7 and (17), it follows that
N
Fin(t) = @iy (1) | C (hs — @) + Y wijah,
j=1

for ¢ > 0. That is

N
zi(t) = 234 (0)exp | [C (hi —z,) + Z wigry, |t
j=1
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for ¢ > 0. Denote

A .
6 = —2 min
1YEZ

N

*

i)+ E wiTy,
i=1

By (18), clearly, § > 0. Then

lz2 (O] < llez(0)])” e~** (19)

fort > 0.
Given ta € P, by Lemma 7, it follows that

d[zia(t) — x7,]

1

dt
L
=aly |-C(win(t) —al) —C Y @ipt)
B=1,8#£a,iB€Z
+ Z Wi 5 x]n Z wzjx](w
j=1,ja€P j=l,ja€Z
(20)
fort > 0.
Define the following Lyapunov function:
I
1a€P Tia
for t > 0. Clearly
1 .12
W lzp(t) — 25|
< V(1)
1 2
- = t) — x*
< St ey o) — il
fort > 0.
Denote by
w = max { |w;||1 < 4,5 < N}.
From (20) and (19), by calculating, it gives that
V(1)
-y [zia(t) = 7a] d[zia(t) — 2]
. ¥ dt
iaEP Lo
—(C = w) ||zp(t) - 2|
+(C+w)llzp(t) —zp| - lzz ()]l
C—w (C +w)? 9
< — — — t
< lop(t) = 25l + g s ez O
C—w 12 (C—|—’LU) —
< =5 llzp(t) =23 Jrﬁllﬂ7 2(0)])%e™"
C
< ~(C = w) iy (a2} VD o)
C
< e V(D) + D e

2(C —w)
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for t > 0, where

€ = min {(C w) min {z7,},

3
> 0.

iaEP
Then
_ C +w)?e~ct Lo
V() < V(0 et ( . 02/ (eé)sd
(1) < V(0)e +7Z(C_w) ez [ s
1 2 et
< - €
ia€EP
(C +w)? 2 —et
-~ @7 0 €
+ gl 0P
for t > 0. Thus
2 e Tia 2
* € * —€
lop(t) = ol < 92 llap(0) = bl e
iaEP .
2
max{z, }(C +w)

for ¢t > 0. By Definition 2, clearly, z* is a stable attractor. Thus,
M C S4. The proof is complete. ]
Theorem 3: Suppose that

E N
C><E+1> Z |w”|

i,7=1

Then, it holds that M = S 4, i.e., the set of the minimum points
of the CLM energy function equals the set of the stable attractors
of the LV network (11).

Proof: The result follows directly from Lemma 15 and
Lemma 16. |

V. DISCUSSIONS

In this section, some discussions will be carried out to further
illustrate the theory. We will further interpret the concept of at-
tractors and show the group binding capability of the proposed
network.

A. The Attractors

To further understand the attractors of the LV RNN (11), let
us consider the case where L = 2, N = 2, w;; = w > 0,4,j =
1,...,2,,and h; = h > 0,7 = 1, 2. The network can be written
as

#11 =211 [C(h — 211 — 212) + w (211 + 221)]

Eo1 = 291 [C (h — 221 — T22) + w (x11 + 221)] @1
=212 [C( )+ w( )l
[C( +w ( )l

12 = T12 h—x11 — 12 T12 + T2

h —z91 — ®22) T12 + Ta2

for t > 0. The corresponding CLM energy function is as fol-
lows:

C
F = 5 |:(.’1711 + 12 — }L)Z + (.’1721 + Too — }L)2]

—% [(1711 + 51321)2 + (z12 + 11722)2] . (22)
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Suppose that C' > 4w. Using Theorem 1, it can be calculated
that the set of minimum points of the CLM energy function (22)
is

( Ch 0 )
C — 2w
Ch 0
M= =20 1.1 cn
0 C —2w
Ch
\ 0 C—-2w/ J

From (21), solving the equilibrium equation, it gives that
( Ch 0 )

Ch 0
ES = C-2’LU R Ch
0 C - 2w
Ch
0 C—-2w/ )

and

( Ch )

2(C —w) T
Ch

2(C —w) Ch
Ch < 3=

20C—w) "
Ch

L \2c—w) 7" )

—K
,KER

u{0}.

The set of stable attractors S4 = &, is a disconnected set;
it contains two equilibrium points. Clearly, M = S 4, which is
consistent with Theorem 3.

The set of unstable equilibrium points &, \ {0} is a connected
set. It forms a continuous unstable attractor. Clearly, &, \ {0} is
embedded in 1-D manifold. Trajectories starting from the points
of the following set of initial points:

v

Sinit = veRy pUE,

v

converge to £,. However, such trajectories are uninteresting
and cannot be observed in practice since these trajectories are
strictly restricted on some 1-D or nondimensional manifold, any
small disturbance to the initial points can destroy the conver-
gence.

Any trajectories starting from points in Ri \ Sinit are inter-
esting and converge to either the first or the second attractor of
S 4. Whether an interesting trajectory converges to the first or
the second attractor of S 4 depends on the location of the initial
points. Taking C' = 500, w = 40, and h = 1, Fig. 3 shows that
an interesting trajectory converges to the first attractor of S 4 and
the corresponding energy evolution, while Fig. 4 shows that an-

150

100

>
ks) 50
2
[ = —
[} B3
o =
S w
£
S 0
(&]

-50

-100 . :
0 0.05 0.1 0.15
time t time t
(a) (b)

Fig. 3. (a) Trajectory starting from a randomly generated point z(0) =
(0.1159,0.1981,0.3525,0.2793)7 converges to the first attractor of S 4. (b)
Corresponding evolution of the energy function.

150

o ¢
o ¢
o 4
1 oy
Z ° 2
> o ¢ 50
® 08f o2 © 1
c o
> s° o ¢ xi1 5%
c @ & o x21 hl
1] P w
Q‘OG-D +  x12
e R NS x22 6
s ¢ .%
O g '+
4
48

timet
(@ (b)

Fig. 4. (a) Trajectory starting from a randomly generated point #(0) =
(0.3783,0.4977,0.4812,0.2675)" converges to the second attractor of S 4.
(b) Corresponding evolution of the energy function.

other interesting trajectory converges to the second attractor of
S 4 and its corresponding energy evolution.

B. Group Binding Capability

In this section, we will illustrate the binding capability for
stored patterns of the proposed LV RNN (11). When the net-
work converges to a stable attractor z*, each neuron can be ei-
ther active (z}, > 0) or inactive (z}, = 0). The set of ac-
tive neurons in each layer indicates a stored pattern, and the
value of z}, carries analog information of the inputs. The re-
lationship between the input h;,1 < 7 < N, and the output

zf,,1 <1< N,1 < a< L,can be simply calculated as

i

N

E3
> WijTh,
i=1

= h; 4 ? 2
Tia + c (23)
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(@

Fig. 5. (a) Stored image which contains four groups indicated by the four dif-
ferent gray values, respectively, and (b) input image which contains gray infor-
mation. Both images have the size 95 x 95.

(@ (b)

(c) (d)

Fig. 6. Binding result of the network. The four groups are simultaneously
bound into four different layers, respectively. (a) Layer 1. (b) Layer 2. (c) Layer
3. (d) Layer 4.

If C'is sufficiently large, then 7, = h;. This relationship would
be very important in designing the network for practical appli-
cations.

In practical applications, patterns are stored as stable attrac-
tors in the network. Since each stable attractor has an attractive
domain, the network runs from any initial vector in the domain
can converge to the attractor and then extract the stored patterns.
This indicates that the network is quite robust in the sense of ex-
tracting stored patterns.

Next, we use some images with size of 95 x 95 to further
illustrate the group binding capability of the network. Fig. 5(a)
shows an image which contains four groups indicated by four
different gray values, respectively. In out experiment, the
image is row-by-row vectorized into a vector with dimen-
sion of 95 x 95, and the value of each element, denoted by
pi, 1 < 2 < 95 x 95, is the gray value of the corresponding
pixel. To store the four groups of this image into network (11),
the connection weight w;; can be calculated as

L,
Wi = -1,

Next, we show that the groups can be simultaneously bounded
into different layers of the network, respectively. We use an
image with the same structure of patterns but each pattern carries
varying gray information as the input h;, 1 < i < 95 x 95, of
the network. Fig. 5(b) shows the input image. The input image is
row-by-row vectorized into a vector with dimension of 95 x 95,

if p; = p;
otherwise.
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and the value of each element h; is the gray value of the cor-
responding pixel. By randomly choosing an initial vector z(0)
and running the network, the network converges to a stable at-
tractor, and the set of active neurons in each layer indicates the
extracted group. Meanwhile, the values of the active neurons in-
dicate the gray information of the input image. Fig. 6 shows that
the four groups of the input image are simultaneously bounded
into the four different layers by the network, respectively.

The CLM energy function provides an energy-based ap-
proach for feature binding. The proposed network of LV RNN
(11) can be used to implement the CLM for feature binding.
There are some other models of energy-based approaches for
feature binding, for example, the spin models [4]-[6] and RL
[71, [8]. These models lack biological plausibility since they
either require iterative discrete cluster update procedures or
complex normalizing nonlinearities. The model of LV RNNs
can be derived from the conventional membrane dynamics of
neurons. It has straightforward neural circuit interpretation and
fast convergence property. In [3], LT RNNs are used to imple-
ment the CLM for feature binding and sensory segmentation.
However, the rigorous theories of using RNNs to implement
the CLM have not been established. The proposed network of
LV RNN (11) in this paper provides a clear understanding of
the dynamics of the network for implementing the CLM.

VI. CONCLUSION

The CLM is an interesting model of neural networks. It has
found important applications in spatial feature binding. Founda-
tions of implementing the CLM by LV RNNs have been estab-
lished in this paper. The theory contains three parts. First, nec-
essary and sufficient conditions of minimum points of the CLM
energy function are obtained. Second, it is proven that each in-
teresting trajectory of the LV RNN is convergent. Third, the set
of minimum points of the CLM energy function is equal to the
set of stable attractors of the LV RNN. The methods of this paper
could be further developed to establish rigorous foundations of
implementing the CLM by other RNNs, say LT RNNs. It is be-
lieved that by establishing these important theories, more prac-
tical applications could be found.
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