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Manifold-Based Learning and Synthesis

Dong Huang, Zhang Yi, and Xiaorong Pu

Abstract This paper proposes a new approach to analyze
high-dimensional data set using low-dimensional manifold. This
manifold-based approach provides a uni ed formulation for both
learning from and synthesis back to the input space. The manifold
learning method desires to solve two problems in many existing
algorithms. The rst problem is the local manifold distortion
caused by the cost averaging of the global cost optimization during
the manifold learning. The second problem results from the unit
variance constraint generally used in those spectral embedding
methods where global metric information is lost. For the out-
of-sample data points, the proposed approach gives simple solu-
tions to transverse between the input space and the feature space.
In addition, this method can be used to estimate the underlying
dimension and is robust to the number of neighbors. Experiments
on both low-dimensional data and real image data are performed
to illustrate the theory.

Index Terms Dimensionality reduction, learning and synthesis,
manifold learning, out-of-sample extension.

I. INTRODUCTION

ANY high-dimensional data in real-world applications
can be modeled as data points lying close to a low-
dimensional nonlinear manifold [1], [2]. The human visual
perception is also closely related to the real-world manifold [3].
Recently, the manifold-related methods for human computer
interaction have become an increasingly hot research area.
Discovering the structure of the manifold from a set of
data points sampled from the manifold with noise is very
challenging in the unsupervised learning. The key dif culty
is that the data points are unorganized, for example, no time
index; otherwise, the learning problem becomes the well-
researched nonlinear regression problem. By manipulating the
low-dimensional free parameters of the learned manifold, one
can also synthesize or estimate the expected real-world data.
The bidirectional process of learning and synthesis is very
much akin to the typical human behaviors, in which one learns
from the unorganized observations and infers the unknown
using the learned knowledge.
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Traditional dimensionality reduction techniques such as prin-
cipal component analysis (PCA) and factor analysis usually
work well when the data points lie close to some linear
(af ne) subspace in the input space while tending to fail to
detect nonlinear structures of the data set. Recently, many
algorithms have been developed to deal with the nonlinear low-
dimensional manifolds in high-dimensional noisy data samples.
These algorithms vary in both motivations and nal results,
for example, nonlinear dimensionality reduction and manifold
learning, which can be traced back to self-organizing maps
[4] and principal curves/surfaces [5], respectively. Next, for
convenience, we call the original high-dimensional data space
and the underling low-dimensional space the input space and
the feature space, respectively.

Nonlinear dimensionality reduction aims to project/embed
the high-dimensional data to their low-dimensional (usually as
low as possible) counterparts while preserving certain geomet-
ric properties among neighboring data points. The geometric
properties include the pairwise geodesic distances (isometric
feature mapping (ISOMAP) [1] and multidimensional scaling
[6]), the local convexity (local linear embedding (LLE) [2], [7]),
local distances (maximum variance unfolding [23]), and an-
gles between nearby points (conformal eigenmaps [9]). Incor-
porating prior knowledge of class labels, many authors also
propose to perform pattern classi cations in the feature space
by preserving only the intraclass geometric properties (e.g.,
discriminant LLE [10], supervised ISOMAP [11], and radial
basis function networks [13]). Many of these algorithms are
formulated as convex optimization problems and provide ways
to estimate the manifold dimension. However, it is generally
assumed in these models that the low-dimensional manifold is
isometric to a convex subset of Euclidean space. These models
may have problems with high curvature of the manifold and
out-of-sample extension for nonisometric manifold. Methods in
[10], [11], and [17] provide only unidirectional out-of-sample
extensions from the input to feature space for the aforemen-
tioned methods.

On the other hand, the local manifold learning tries to pa-
rameterize the underlying low-dimensional manifold based on
locally linear approximation. In local tangent space alignment
(LTSA) [14], nonlocal manifold tangent learning [16], and
locally smooth manifold learning [18], the nonlinear (possibly
nonisometric) manifolds of the input data set are modeled as
a set of overlapping local tangent planes. The local manifold
learning is particularly suitable for recovering the structure of
the manifold in sparsely populated regions and beyond the
support of the provided data. However, these methods either
provide no ways to estimate manifold dimension [16], [18] or
to compute the bidirectional out-of-sample extension [14], [16].
Moreover, the methods in [16] and [18] are prone to local
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Fig. 1.
feature space preserving the generative local relations in the input space.

minima since their optimizations involve alternating least
squares solution and Lagrange regularization of more than
one variable. The kernel method in [12] gives the smooth
nonlinear manifold description. But designing the appropriate
kernel functions introduces additional dif culties.

Our approach draws inspiration from and improves upon
the pioneering work. Instead of considering manifold learning
and synthesis in isolation, the proposed method constructs a
nonlinear mapping between the input and the feature space. The
nonlinear mapping is realized by modeling the local generative
units in the input space and a global af ne transformation in
the feature space. These formulations result in simple solutions
to transverse between the input space and the feature space
for the out-of-sample data points. The proposed method, called
local generative units and global af ne transformation (LGGA),
also has two other advantages. One is avoiding the local man-
ifold distortion caused by the cost averaging of the global
cost optimization during the manifold learning. The other is
recovering the global metric information lost in those spectral
embedding methods using the unit variance constraints. The
proposed method avoids the alternating least squares problem
or local minima for both the manifold learning process and the
bidirectional out-of-sample extension. Moreover, this method
can estimate the underlying dimension and is robust to the
number of neighbors.

The rest of this paper is organized as follows. In Section II,
the proposed manifold learning method is formulated by two
steps: modeling the local manifold and recovering the global
metric information. Section 11l develops the method to trans-
verse between the input space and the feature space. Parameter
setting is discussed in Section IV. Section V presents the sim-
ulation results and discussions. Finally, this paper is concluded
in Section V1.

Il. FORMULATION OF THE LGGA MANIFOLD LEARNING

Assume a smooth m-dimensional manifold F lying in the
d-dimensional input data space (d m). The input data set
X ={xt RY,t=1,...,N}is sampled possibly with noise
from the manifold. Let X® = [x{V,...,x®] RY  pe the
k neighbors of the data pointx; X(t=1,...,N) interms of
the Euclidean distance. We aim to learn the nonlinear function
F that transforms a point on the manifold into its neighboring
points on the manifold, capturing all the modes of variation of
the data. In other words, the neighborhood around X forms
a generative local unit, and all its neighbors are assumed to
be generated by this data point. This local relation can be

Manifold learning process based on the generative local units. (a) Local units in the input space. (b) Manifold structure represented by

R™ in the
described by a global coordinate system denoted by R™M,
i.e., the feature space.

Fig. 1 shows the local manifold learning process. Specif-
ically, denote F(Xt, ) as the transformation of X(t=
1,...,N) to its neighboring data points in the input space.
¢ R™ acts on the degrees of freedom of the transformation
in the feature space according to the formula M : M( ¢ +
t) = F(Xt, t), where ¢ =M 1(x¢). Taking the rst-order
approximation of F in the neighborhood of x; for suf ciently
small ¢, F(Xt, t) Xt+ H(X¢) ¢, where each column of the
matrix H(X¢) is the partial derivative of M w.rt.  : H(X) =
(/7 OM(). Thus, our goal can be restated as learning a
function H(*) : R® RY ™ and the parameter ¢ for each
data point x¢ with a neighbor x}t)(j =1,...,k) sampled from
the manifold. In this case, Xt + H(X¢) j approximates x}t) in
the least squares sense, or equivalently speaking, H(X¢) 1
ngt) Xt.

Following this idea, we can estimate an embedding of the
lower dimensional feature vectors ¢ s from X s, preserving the
generative local structures in the input space. Finally, the global
metric can then be recovered base on the low-dimensional
representations, i.e., ¢ S. Note that the manifold learning results
in dimensionality reduction and denoising of the data points.

A. Modeling the Local Manifold

One natural way to learn the nonlinearity is to construct
local unit around each data point and minimize the global cost
functions. For example, LLE is based on linear combination,
and LTSA ts the local unit by the tangent plane. However,
since the global cost optimization tends to average the cost
among local units, both methods yield incorrect overlapping
in the areas of large deformation or low sampling rate [15].
In the proposed method, the relative scale of each local unit
is removed from the global optimization.

We begin modeling the manifold variations in the local
region [Fig. 1(a)]. By singular value decomposition (SVD), the
local subspace in the neighborhood of x; can be described as

X = xX® Xt u® ® y©®

where e is the column vector of all ones, (*) denotes the
transpose, U®  RY M and V® Rk ™ are composed of
eigenvectors, and ® R™ ™ js the diagonal matrix of sin-

gular values. Accordingto F (X¢, t) Xt + H(Xt) ¢, the local
eigenspace at x¢ can be approximated by the local subspace
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spanned by the eigenvectors of the centered matrix X ®. Here,
the underlying assumption is that the number of neighbors is no
less than the dimension of the underlying manifold, i.e., k > m.
It follows that

U® O vO =Hx) 4 x°

Xt, g=1,...,k

where Vj(,t) is the jth row of V (®_ Thus, for the tth data point
Xt, the error function in the input space is

2
X¢€ @
F

EM= y® ® yo X ®

Then, the global coordinates ¢ R™ (t=1,...,N) in the
feature space can be constructed using the local information
learned in the input space (see Fig. 1). Minimizing the recon-
struction error in the feature space

2
Et(F) = w®d ® y©® TO e )

F
where T=[1,....,n] R™N, and TO=[O |
,Et)] R™ K s the low-dimensional representation of
X® RI K et the matrices S® and S¢ be the 0 1

selection matrices such that TS® = T® and TS; = e. The
optimal alignment matrix W® R™ ™ that minimizes the

reconstruction error Et(':) can be computed as
WO =T s® g Oy " @3)

where (+)* is the Moor Penrose inverse matrix. Thus, the
overall reconstruction error E(F) is given by

N
F
EM=gP
t=1
N 2
- WO ©® yo TO e
t=1 F
N 2
= T S(t) St t
t=1 F
=TS ¢
where
S= (S® 51),(8® s,),...,(s™N sy)
e= | ® ®) ® ®)
=1 vOryWO
=diag{ 1,..., N} (4)

Here, the unit variance constraint TT = Iy is imposed on
T, where 1,,, R™ ™M is the unitary matrix. Minimizing the

reconstruction error Et(F)(t =1,...,N), the overall optimiza-
tion problem can be written as

minE®) = arg minTrace[TS ~ ST]

st. TT = 1In.

It follows that T can be computed as the eigenvectors corre-
sponding to the second to (m + 1)th smallest eigenvalues of
the sparse matrix

B=S S. ®)

Note in (4) that the relative scale of each local unit is lost.
The distortion resulted from the global cost optimization can
be reduced for areas of sparse distribution or large curvature.

Also note that (V) in the input space are obtained
with respect to an orthonormal basis (1); therefore, it seems
quite natural to preserve the orthogonality of W ( in the low-
dimensional feature space as well. This idea may lead to ad-
ditional alternating least squares problem [14]. In our method,
this is amended using a global af ne transformation in the sense
of least squares solution.

B. Recovering the Global Metric Information

In the spectral embedding methods, i.e., LTSA and LLE, the
global metric information is totally lost due to the unit variance
constraint. Retaining the global metric and aspect ratio in the
feature space is necessary for the manifold understanding and
synthesis of the out-of-sample data points. Note that the local
units are used as the building blocks of the low-dimensional
manifold. Thus, the global metric information can be recovered
by approximating the local metric in each building block.
Following this idea, we try to nd a global af ne transformation
zt=L ¢ L R™ M such that x; and z; have similar local
Gram matrix

X®  xe
(m) (m)

z®

X®  xe

ze ZO ze

where Z =[z1,...,zn]  R™ N s the data matrix in the

feature space, and (X®  x¢&)my =U® O ®) s the

truncated data matrix in the input space preserving its m largest
singular values. Denote Z® =Z®  ze and T®O = T®
e . It follows that

ZOZO=TOLLTO,

Therefore, the cost function to be minimized can be

2
yACNAQ]

(m) E

EF) = X® xe )x(t> X¢€

(m
. 2
TOLLT®

(m) E

= X® xe )X(t) X¢€

(m
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Fig.2. Out-of-sample extension process from the input space data point xn, to its embedding zn, in the feature space. (a) Approximating Xn, using the neighboring
local units in the input space, where X' and xjﬂ are the two neighbors of xp,. (b) Computed new embeddingzn, ~ R™ in the feature space preserving the generative

relations in the input space.
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Fig. 3. Out-of-sample extension process from the feature space data pointzn ~ R™ to its counterpart X, R9 in the input space. (a) Approximating z, using
the neighboring local units in the input space, where z]* and zjn are the two neighbors of ziy. (b) Computed new data point xn ~ RY in the input space preserving

the generative relations in the feature space.

Let P=LL R™ ™ then P is a positive semide nite
matrix, i.e., P 0. The aforementioned problem is then for-
mulated as

N 2
min X®  xe X®  xe TOPT®
- m) m .
s.t. P 0. (6)

This problem can be easily solved using YALMIP [20] and
CSDP [21]. Finally, the global af ne transformation matrix is
obtained by L = P2, The af ne Transformation z; = L
recovers both the absolute and relative scales in each direction
of the underling manifold.

Finally, we call the proposed method as LGGA manifold
learning algorithm considering its local generative units and
global af ne transformation.

1) LGGA Manifold Learning Algorithm: Given the input
data set X RY N this algorithm produces m-dimensional
representations Z R™ N in the feature space, which pre-
serve both the local geometry and global metric informa-
tion of X.

Step 1) For the data point x¢(t = 1,...,N), determine the
k nearest neighbors x}t)(j =1,...,k). Compute
the SVD of (X® xe) U® O ®),

Step2) Compute T R™ N as the eigenvectors corre-
sponding to the second to (m + 1)th smallest eigen-
values of the sparse matrix B = S S.

Step 3) Compute the positive semide nite matrix P =
LL R™ ™ by solving problem (6), then the
global af ne transformation matrix is obtained by
L = P2, Finally, the m-dimensional representa-
tionsZ=LT RM™ N,

To this end, the nonlinear mapping we construct for manifold
learning can be explicitly summarized as follows. Approxi-
mating data point x; by the local unit it belongs to, e.g., at
X, according to (2), we have (U®) (x{®  x¢) WO

t). Then, the nonlinear mapping from the input space to the
feature space can be represented as

M 1(x): LW®OUu®) x}t) Xt zj(t) z. (7)

I1l. TRAVERSE BETWEEN THE INPUT SPACE
AND THE FEATURE SPACE

For the data points (or the samples) used for manifold
learning, i.e.,, Xy X, the correspondence between the input
space and the feature space data points is known. However, the
correspondence is usually dif cult for the new data points, i.e.,
the out-of-sample data points, in the existing methods. Based on
the nonlinear mapping (7) constructed in the previous section,
the out-of-sample data points can be easily embedded to or
recovered from its low-dimensional counterparts. At this point,
the proposed approach can be used as a manifold-based asso-
ciative memory [19]. The bidirectional mapping algorithm is
presented in detail in the following sections.

A. From the Input Space to the Feature Space

The problem of transition from the input space to the feature
space is also known as the out-of-sample extension [17]. Given
a new data point X, RY in the input space, its embedding in
the feature space z, R™ can be computed according to the
learned manifold.

Fig. 2 shows the main idea of the process. The k neigh-
bors of X, can be expressed by XM =[x{, ... x{™
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RY K Let X(MG) RI Kk pe the data matrix composed of the

k neighbors of x}”). For the input space and recalling the SVD
decomposition

u® (i)(V(i)) :(x(j) xje)

we have

yma ma) Vn(_n)(j) = yma) N Xn x(M

J

where UM@ RI m (MG RM M gpq yME  gm
is a row vector. Then
nj = (U (n)(i)) Xn X}n) _ ®)

In the feature space, for the jth neighbor of X, in the input
space

wma . . o

where W (M@ = T (SMG)
k neighbors, we solve

s{™M)( ®v@))*. For all

. 2
min wmae . j(n) -
J
It gives that
_1 wmae 4 ™
n — E nj j

J
Finally, the embedding of the new data point x,, can be com-
putedasz, =L , R™ inthe feature space.

B. From the Feature Space to the Input Space

The problem of transition from the feature space to the input
space is referred to as the manifold synthesis. Given a new data
point z, R™ in the feature space, its counterpart X, R¢
in the input space can be computed according to the learned
manifold.

Fig. 3 shows the main idea of the process. Denote the

k neighbors of z,, in the feature space by Z(™ = [z{™ ..

z{™]  R™ X, For each neighbors zj(”) ZMG =1,...,k),
nj can be computed by solving the following optimization
problem:

min  w®® . o ?

n . J 2
J

where n=L*zn, =L*z{", and W™D =T (sMG)
Sj(”))( MA@ v M@) )+, By SVD decomposition

MO OD) = OD) xOD Ve

where X (M3 n

It gives that

RY X is composed of the k neighbors of x;

o = (WOE)E O

Input Data

Linear PCA

LGGA

—0.05;
~0.05

Fig. 4. Comparison of linear PCA, LLE, ISOMAP, LTSA, and LGGA on the
Punctured Sphere data set.

Then, in the input space, we solve
2
; j (n)
n;(':]n . U(n)(J) nj Xn Xj ) i
J
It follows that, for the new data pointz, R™ in the feature

space, the counterpart in the input space can be obtained by

1

X,=>  UM™®

i (n)
ni +Xj
i

1) Bidirectional Out-of-Sample Extension Algorithm:

Xn  Zn

Given the new input data point X, RY, this algorithm

produces its m-dimensional representations z, R™ in the
feature space.
Step 1) Determlne k nearest neighbors x ) of Xn (J =

k). Compute the SVD of (XM
J(n>e) ENQIONGIOIVIGION
Step 2) Compute the projection of X, in the local unit

centered at X\ as nj = (UMD) (x,  x{™).
Compute the alignment matrix W (M0 =
T(S(n)(i) Sj(n))( (j)(V (j)) )+(j — 1,,k)
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Fig. 5. Comparison of linear PCA, LLE, ISOMAP, LTSA, and LGGA on the
Twin Peaks data set.

Step 3) Compute the m-dimensional representations for xp,
K R
aszp = L/k j=1(W(n)0) nj + j(n))'

Xn Zn

R™ in the feature space,
RY in the input

Given the new data point z,
this algorithm produces its approximation Xp,
space.

Step 1) Determine k nearest neighbors zj(t) of z, in the

feature space (j =1,...,k). Compute the SVD of
(X MG x}”)e) = yma) MGy MGy
Step 2) Compute w M@ =T (sMD
sj(”))( MG (v M) )+
(W) *(z,  zM).
Step 3) Finally, the approximation of z, in the input space
is computed as xp = 1/k (UM ; + x}”)).

and nj =

IV. PARAMETER SETTING AND DISCUSSIONS

This section brie y discusses several important issues con-
cerning the proposed method. These include the parameter
setting, the supervised case, and the computational complexity.

There are two parameters in the proposed method: the num-
ber of neighbors k and the embedded manifold dimension m.
The neighbor number is directly related to the size of the
local unit. Since the proposed method is essentially local, the

597

Input Data Linear PCA

Fig. 6. Comparison of linear PCA, LLE, ISOMAP, LTSA, and LGGA on the
Swiss Roll data set.
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Fig. 7. Comparison of Linear PCA, LLE, ISOMAP, LTSA, and LGGA on the
Swiss Roll with Hole data set.
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Fig. 8. (a) Dimension estimation of duck images with neighbor number k = 5, 8. (b) Results of linear PCA using the two largest principal components.

LLE k=5

« 10'ISOMAP k=5

X 104 LGGA k=5

LSTA k=5

L& ddlssssldle

geSEsblosbpinini

Fig. 9. Two-dimensional image manifold extracted from 72 Duck images using LLE, ISOMAP, LTSA, and LGGA with neighbor numbers k = 5and k = 8,
respectively. The image sequence (A) (D) corresponds to the circled points on the chains (A) (D) in the 2-D embedding. (a) 270 , (b) 0 , (c) 90 , and (d) 180 .

curvature of the manifold may increase with the increase of
neighbor size. Experiment results show that the proposed ap-
proach gives satisfactory results (using the nearest neighbor
selection) with a wild range of k for many data sets (see Figs. 9
and 11). For highly noisy or undersampled data, too small
neighbor number may break the manifold into isolated clusters,
while too large neighbor number may result in shortcuts and
distortions in the manifold. These problems exist in all local
manifold methods [16] and are avoidable. In fact, appropriate
local units can be constructed using the smart or adaptive

neighbor selection strategies. This, however, is beyond the
scope of this paper.

One advantage of the proposed LGGA is that we can poten-
tially detect the intrinsic dimension of the underlying manifold
by analyzing the local subspace structure. Speci cally, we can
examine the distribution of singular values of the centered
data matrix X®(t=1,...,N) for the neighborhood of each

data point X. ® = gt), L |(<t)] Rk
contain the singular values of the centered matrix X®. Here,

Let the vector
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(a) One example of the images in the Shifting Face data set (totally 325 images). Underling dimension is selected as m = 3 according to  with neighbor

number k = 8. The 3-D manifold extracted by the proposed LGGA method. (b) Results of linear PCA using the three largest principal components. The mesh in

gray is plotted to enhance the visualization effect.

(2= 2. ( 92 serves as a measurement of
the local variances in the neighborhood around X along the
k local eigenvectors. Local units in the input space are aligned
in the feature space along the local singular vectors (see Fig. 1).
De ne the summation = [L,( ®)2 Rk All the local
variances are cumulated along the local eigenvectors and
form a global estimation of the underling variance. It follows
that the underlying dimension m of the feature space vectors
can be easily inferred from the number of dominating ele-
ments of

Most of the nonlinear dimensional reduction algorithms,
including LLE, ISOMAP, LTSA, LGGA, etc., are originally
designed for the unsupervised case. There is an underlying
assumption that all the input data points are included in a
connected graph by the neighborhood relations. When the
supervised information is available, one usually includes the
labeling by searching neighbors in the same class. In this
case, the connectivity assumption is violated. Note that all the
aforementioned methods collect local geometric information in
a global adjacency matrix [for LGGA, itismatrixB =S S
in (5)]. In the supervised case, the eigenvalue decomposition
of the adjacency matrix maps each connected subgraph into an
orthogonal subspace. Thus, data points of each subgraph may
become a single point in the low-dimensional feature space.
This property could be useful in the classi cation problems
when the embedded dimension m is larger than ¢ 1, where
c is the number of connected subgraphs. For more general
cases, it is still not clear how to maximize the between-class
separability and the within-class generalization ability in this
subgraph-to-single-point mapping. More detailed study for the
nonlinear classi cation application is needed in the future work.
We present a preliminary example in Section V-B toward this
direction.

Finally, the complexity of the proposed LGGA algorithm
is determined by several factors: the dimension of the input
data set d, the number of training samples N, the number of
neighbors k, and the embedded manifold dimension m. We can
analyze the computation complexity of LGGA by following the

three steps of the algorithm summarized in Section 1. Step 1 in-
volves the k-nearest-neighbor search and local unit description
in the input space, which, respectively, need the computation
of pairwise Euclidian distances between N d-dimensional data
points and the SVDs of matrix X® RY Kt =1,...,N) for
all the generative local units. In Step 2, the sparse matrix B
RN N js computed through summation. Then, ¢s( ¢ R™)
are obtained by performing sparse eigenvalue decomposition
on B. Finally, the second-order semide ned optimization is
solved over m? elements of P R™ ™ in Step 3 (m  d).
The counterparts of the rst two steps can be found in LLE,
ISOMAP, and LTSA, while the third step of LGGA is the
penalty for the global metric recovery.

V. SIMULATION RESULTS AND DISCUSSION

We tested the proposed framework on several synthetic data
sets and real image data sets. The synthetic data sets include
the Punctured Sphere, Twin Peaks, Swiss Roll, Swiss Hole, and
Grid roll. The real image data sets include the Columbia Object
Image Library (COIL-20) [22], the Shifting Faces, the teapot
images [23], and MNIST handwritten digit database.® All ex-
periments are conducted by running uncompiled Matlab codes.

A. Manifold Learning

Four synthetic data sets are used to evaluate the performance
of the proposed algorithm and several competing algorithms
(using the published codes), i.e., linear PCA, ISOMAP, LLE,
and LTSA. The objective is to map each data set, originally in
3-D space, onto a 2-D plane. These synthetic data provide the
standard benchmarks to evaluate the embedding performance,
because both input and output data are low dimensional and
thus can be easily visualized. We set the neighbor number k = 8
throughout the experiments. In the following, we compare the
results of each data set (see Figs. 4 7) in detail.

Lhttp:/lyann.lecun.com/exdb/mnist/.
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Fig. 11. Dimensionality reduction results on the 325 Shifting Faces image data set. (a) Dimension estimation for neighbor numbers k = 5,12, 18, and 25
using . Here, we set m = 3. (b) Results of LLE, ISOMAP, LTSA, and LGGA. The meshes in gray are plotted to enhance the visualization effects.

1) Punctured Sphere data in Fig. 4 (800 data points): This
data set is sampled from a punctured sphere. The sphere
is not homeomorphic to a 2-D patch. The linear PCA
and ISOMAP produce incorrect mixed point clouds.
Deformation occurs in the central area of LLE results.
LTSA produces satisfactory results in the central area,
but the boundary area shrinks and overlaps. The proposed
algorithm LGGA yields good result, even in the boundary
area of large curvature.

2) Twin Peaks data in Fig. 5 (800 data points): Most al-
gorithms produce satisfactory results, except that linear
PCA and LLE yield incorrect mixed point clouds.

3) Swiss Roll data in Fig. 6 (800 data points): LGGA pro-
duces an ideal output, showing that both local geodesic
distances and global scale are preserved almost perfectly.
Linear PCA fails since linear projection methods cannot
unfold curved structures. ISOMAP attempts to preserve
all shortest path distances, but its output is far from satis-
factory. LLE yields irregular 2-D embedding. In contrast,
LTSA vyields more faithful results than ISOMAP does.
However, as the outputs of LTSA are compressed into a
square region, both scale information and aspect ratio are
lost. This can result in the different neighboring relations
from that in the input space. For this reason, distortion
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Fig. 12. Scalability evaluation of the proposed LGGA algorithm on the MNIST handwritten digit database. The input space dimension d = 784. The embedded
manifold dimension is selected as m = 3. The linear and quadratic base lines are drawn for reference. (a) Computation time versus the number of training samples
N ( xed neighbor number k = 20). (b) Computation time versus the neighbor number k ( xed number of training samples N = 6000).

occurs when a new data point in the feature space is
transformed back to the input space.

4) Swiss Hole data in Fig. 7 (800 data points): LGGA also
works perfectly by preserving the geometry around the
hole. Linear PCA produces an incorrect mixed point
cloud. ISOMAP and LLE vyield distorted shapes around
the hole. LTSA can maintain the shape of the data point
patch that is close to LGGA while losing the scale
information.

To evaluate the proposed LGGA algorithm on real-world
data, the Duck images in the Columbia Object Image Library
(COIL-20) are initially used to perform dimensionality reduc-
tion. This database contains 128 128 gray-scale images of
20 objects. For each object, 72 views at the intervals of 5 are
sequentially obtained by rotating through 360 . The images are
then clipped out from the black background using a rectangular
bounding box. The bounding box is resized (zoomed) to 128
128 using interpolation decimation lters to minimize aliasing.
These settings result in very complex features in the underling
manifold.

Here, we show the LGGA results for the neighbor number
k = 5,8 comparing to other algorithms. According to the di-
mensional estimation method in Section 1V, the original high-
dimensional (128 128 = 16 384) data set can be embedded
into the 2-D space (see Fig. 8). Linear PCA [Fig. 8(b)] fails
to detect the underling structure (see Fig. 9 for the results
of LLE, ISOMAP, LTSA, and LGGA on the 72 Duck
images).

All the algorithms in Fig. 9 produce 2-D data points in
a closed loop. However, meaningful distribution of zooming
and view angle variation are not clearly revealed by LLE
and LTSA. In the 2-D representation of LGGA (the fourth
column in Fig. 9), data distribution in the feature space clearly
reveals the image variations of both view angles and zooming.
This can be easily visualized by the image sequence (A) (D)
corresponding to the circled points on the chains (A) (D)
in the 2-D embedding. According to the angle notions in

Fig. 9, the 2-D points on the chains (B) and (D) are around
the 0 and 180 view angles and are nearly symmetrically
distributed with respect to the axis connecting the data points
with view angles of 90 and 270 . Meanwhile, because of
the beak of the duck, the drastic variation of images on (C)
is clearly distinguished from that of (A). This difference is
also revealed by the 2-D embedding of the proposed method.
In addition, due to the extra strong zooming effects of the

xed bounding box, the embedded points between the chains
(A) (D) tend to be more spare than those points on (A) (D).
In sum, the proposed method produces embeddings that retain
the meaningful relationships in the input space and are easy to
interpret.

Another used image data set is called Shifting Faces, which
contains 325 images with a 68 56 face patch shifting on
80 80 noisy background. According to Bengio et al. [16],
the intrinsic nature of the local manifold learning for image
translations can result in the large curvature variations of the
manifold with the neighbor number k. Fig. 10 shows an exam-
ple of the Shifting Face images, the 3-D embeddings of LGGA
with k =8, and linear PCA. The mesh in gray is plotted to
enhance the visualization effect.

In addition to Fig. 9, the robustness of the proposed LGGA
can be evaluated on the Shifting Faces data set with respect to
the neighbor number k (see Fig. 11). As discussed in [16], the
curvature of the manifold increases with the increase of neigh-
bor size. It can be seen in Fig. 11 that LLE is more sensitive to
the neighbor number than all other methods. ISOMAP gives
good results for mediate neighbor numbers (k = 12, 18) but
is sensitive to the background noise in the images for larger
and smaller k (k = 5, 25). Distortion may occur for LTSA with
small k, for example, k = 5. Finally, the proposed method gives
satisfactory results for a wilder range of k than LLE, ISOMAP,
and LTSA (see Fig. 11).

Finally, we perform two experiments to evaluate the scalabil-
ity of the proposed LGGA algorithm using a subset (6000 data
points) of the MNIST handwritten digit database. As discussed
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