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Abstract—The convergence of a class of Hyvärinen–Oja’s inde-
pendent component analysis (ICA) learning algorithms with con-
stant learning rates is investigated by analyzing the original sto-
chastic discrete time (SDT) algorithms and the corresponding de-
terministic discrete time (DDT) algorithms. Most existing learning
rates for ICA learning algorithms are required to approach zero
as the learning step increases. However, this is not a reasonable
requirement to impose in many practical applications. Constant
learning rates overcome the shortcoming. On the other hand, the
original algorithms, described by the SDT algorithms, are studied
directly. Invariant sets of these algorithms are obtained so that the
nondivergence of the algorithms is guaranteed in stochastic envi-
ronment. In the invariant sets, the local convergence of the original
algorithms is analyzed by indirectly studying the convergence of
the corresponding DDT algorithms. It is rigorously proven that the
trajectories of the DDT algorithms starting from the invariant sets
will converge to an independent component direction with a pos-
itive kurtosis or a negative kurtosis. The convergence results can
shed some light on the dynamical behaviors of the original SDT
algorithms. Furthermore, the corresponding DDT algorithms are
extended to the block versions of the original SDT algorithms. The
block algorithms not only establish a relationship between the SDT
algorithms and the corresponding DDT algorithms, but also can
get a good convergence speed and accuracy in practice. Simulation
examples are carried out to illustrate the theory derived.

Index Terms—Deterministic discrete time (DDT) algorithm, in-
dependent component analysis (ICA), invariant set, learning algo-
rithm, stochastic discrete time (SDT) algorithm.

I. INTRODUCTION

I NDEPENDENT component analysis (ICA) [10] can esti-
mate the independent components from the mixed input

signal. Its main applications are in blind source separation [5],
[11], [17], [20], [21], feature extraction [2], [18], [31], and blind
deconvolution [12], [32], [34]. ICA neural networks enable fast
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adaptation in a stochastic environment since the inputs can be
used in their algorithms at once [13]. These networks have been
extensively studied and used in many fields, see examples [1],
[4], [6], [19], [22], [28], [35], and [37]–[40].

The learning algorithms of ICA neural networks play an im-
portant role in their practical applications. The convergence of
the learning algorithms determines whether these applications
can be successful or not. However, it is very difficult to directly
study the convergence of these learning algorithms, because
they are described by stochastic discrete time (SDT) algorithms
[47]. Traditionally, based on some stochastic approximation the-
orems [3], [23], the original SDT algorithms are transformed
into the corresponding deterministic continuous time (DCT) al-
gorithms. The convergence of the SDT algorithms can be in-
directly interpreted by studying the corresponding DCT algo-
rithms. This approach is called the DCT method. The method
has been widely used; see, for example, [8], [29], [30], [33],
[36], [41], [43], and [44]. In order to transform a SDT algo-
rithm to a DCT algorithm, some restrictive conditions must be
applied. One critical condition is that the learning rates must
converge to zero. However, this condition is unrealistic in prac-
tical applications because of computational round-off limita-
tions and tracking requirements [42], [47]. On the other hand,
learning rates approaching zero will slow down the learning pro-
cedure tremendously. Furthermore, the convergence of these al-
gorithms critically depends on a good choice of the learning rate
sequence. A poor choice of the learning rate can destroy conver-
gence in practice [13]. More discussions about these problems
can be found in [9], [24]–[26], [42], [47], and [48].

To overcome the shortcomings mentioned above, the deter-
ministic discrete time (DDT) method has been proposed re-
cently to indirectly study the convergence of SDT learning al-
gorithms; see [42], [47], and [48]. The DDT method transforms
the SDT algorithms into the corresponding DDT algorithms.
The DDT method does not require the learning rates to con-
verge to zero so that constant learning rates can be used. The
DDT algorithms preserve the discrete time nature of the orig-
inal algorithms and allow a more realistic dynamic behavior of
the learning rates [48]. Compared to the DCT method, the DDT
method is a more reasonable approach for indirectly studying
the convergence of SDT algorithms. However, the DDT algo-
rithms characterizes the average evolution of the original SDT
algorithms. In stochastic environment, the stochastic input has
a great influence on the result of DDT method, even derailing
the convergent conditions of the DDT algorithms.
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In this paper, we study the convergence of a class of
Hyvärinen–Oja’s ICA learning algorithms with constant
learning rates. The original algorithms, described by the SDT
algorithms, are directly analyzed first. Some invariant sets are
identified under certain conditions so that the nondivergence of
the original algorithms is guaranteed in stochastic environment.
Then, by studying the corresponding DDT algorithms in the
invariant sets, it is proven that the trajectory of the algorithms
starting from the invariant sets will converge to an independent
component direction with a positive kurtosis or a negative kur-
tosis. On the one hand, the method overcomes the shortcoming
of only using the DCT method or DDT method. The conver-
gence results of DDT algorithms are guaranteed in stochastic
environment. On the other hand, due to the constant learning
rates used, the requirements for use in practice can be met and
convergent procedure will not be slowed down tremendously.

To improve the performance of the original SDT algorithms,
the corresponding DDT algorithms are extended to the block
versions of the original algorithms. The block algorithms not
only establish a relationship between the original SDT algo-
rithms and the corresponding DDT algorithms, but also get a
good convergence speed and accuracy. The block algorithms
represent an average evolution of the original SDT algorithms
over all blocks of samples. Thus, the invariant sets of the orig-
inal SDT algorithms can guarantee the nondivergence of the
block algorithms. Furthermore, the block algorithms can ex-
ploit more efficiently the information contained in the observed
sample window. Therefore, these algorithms converge fast and
with higher accuracy [45], [46].

The rest of this paper is organized as follows. Section II pro-
vides the problem formulation and gives preliminaries. Conver-
gence results are given in Section III. The DDT algorithms are
extended to the block algorithms in Section IV. Simulation re-
sults and discussions are presented in Section V. Conclusions
are drawn in Section VI.

II. PRELIMINARIES AND HYVÄRINEN–OJA’S ALGORITHMS

Suppose a sequence of observations
with scalar random variables, i.e.,

. In the simplest of
ICA [10], it is assumed that

where is unknown and
are mutually and statistically inde-

pendent with zero mean and unit variance. is an unknown
mixing matrix of full rank. The basic problem of ICA

is then to estimate the original from the mixtures .
The problem can be simplified by prewhitening of the data

. The observed data is linearly transformed to a vector
such that its elements are mutually uncorrelated

and all have unit variance, i.e., . It follows
that

where is an orthogonal matrix. Clearly,
, where

, . Then, the
problem of ICA is transformed to one of estimating the .

The kurtosis of the signals is usually used to solve the ICA
problem [13]–[16]. As for a zero mean random variable , the
kurtosis is defined as . It is
easy to show that and

, where and are two indepen-
dent, zero mean random variables and is a scalar.

For the signals , denote by
the kurtosis of the signal . Clearly,

. Define some sets as follows:

Let be the subspace spanned by , i.e.,
. The subspace is perpen-

dicular to . Let and is
perpendicular to .

To estimate the direction of , in [16], Hyvärinen and Oja
proposed the ICA learning algorithms as

for all and , where is a scalar function, and
is a sign that determines whether we are minimizing or

maximizing the kurtosis. is the learning rate sequence and
is a prewhitened input data. In this paper, let and

the constant learning rates are used. the algorithms with constant
learning rates can be presented as

(1)

(2)

for all , where is a constant learning rate. A constant
is added to the algorithms to adjust the learning parameters

more conveniently.
The algorithm (1) converges to an independent component

direction with a positive kurtosis, i.e., will converge to
a direction of a column of with . The algo-
rithm (2) converges to an independent component direction with
a negative kurtosis, i.e., will converge to a direction of a
column of with .

To prove the convergence of the algorithms, a transformation
is given first. Let . Clearly, to prove that
converges to a direction of a column of , it only needs to
prove that all components of converge to zero except .
Since , from (1) and (2), it follows that

(3)

Authorized licensed use limited to: Sichuan University. Downloaded on April 28, 2009 at 01:49 from IEEE Xplore.  Restrictions apply.



LV et al.: CONVERGENCE ANALYSIS OF A CLASS OF HYVÄRINEN–OJA’S ICA LEARNING ALGORITHMS 1813

(4)

for all .
In the following section, the convergence of the

Hyvärinen–Oja algorithms will be analyzed in detail.

III. CONVERGENCE ANALYSIS

The algorithms (1) and (2) may diverge. Consider one-dimen-
sional examples. From (1), it follows that

where , and . Suppose
for all , where is a constant. If , it
holds that . It follows
that

for all . Thus, the trajectory approaches towards infinity
if under the condition
for all . From (2), it follows that

where , and . If , it
holds that . It follows
that

for all . Thus, the trajectory approaches towards infinity
if .

The examples above show the algorithms (1) and (2) may di-
verge. A problem to address is therefore to find the conditions
under which the algorithms are bounded. In the following sec-
tion, by directly studying the SDT algorithms (1) and (2), some
interesting theorems are given to guarantee the nondivergence
of the algorithms in stochastic environment.

A. Invariant Sets

Definition 1: A compact set is called an invariant
set of the algorithm , if for any

, the trajectory of the algorithm starting from
will remain in for all .

Let , assumed
is finite and . Suppose .
Define

where and is a small constant. Clearly,
. Suppose . Define

where and is a small constant. Clearly,
. Define two invariant sets as

Theorem 1: Suppose , and . If
and , then is an invariant set of (1). If

and , then is an invariant set of (2).
See the Appendix for the proof. The theorem above shows

that any trajectory of algorithms (1) and (2) starting from
in the invariant sets or will remain in or . This
guarantees the nondivergence of the algorithms in stochastic en-
vironment.

The invariant sets are obtained by directly studying the orig-
inal SDT algorithms (1) and (2). is the square of the Frobe-
nius norm and estimated from the available samples. Clearly, the
size of samples does not influence the result of Theorem 1. On
the other hand, Theorem 1 does not require prewhitening. Thus,
the invariant sets of the original algorithms are also suitable for
the data, which is not prewhitened.

Since , from (3) and
(4), a similar theorem can be obtained as follows. Let

, assumed is
finite and . Suppose .
Define

where is a small constant. Suppose
. Define

where is a small constant. Denote and as two
invariant set by

From the analysis of theorem 1, this immediately allows us to
state the following theorem.
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Theorem 2: Suppose , and . If
and , then is an invariant set of (3). If

and , then is an invariant set of (4).
Theorems 1 and 2 give the nondivergent conditions of the al-

gorithms in stochastic environment. It is clear the norm of the
algorithms do not go to infinity under the conditions, even in
stochastic environment. In these invariant sets, the local conver-
gence of the algorithms will be further studied in the following
subsection.

B. DDT Algorithms and Local Convergence

The convergence analysis of algorithms (1) and (2) can be
indirectly studied by analyzing the corresponding DDT algo-
rithms in the invariant sets. The DDT algorithms characterize
the average evolution of the original algorithms. The conver-
gence of the DDT algorithms can reflect the dynamical behav-
iors of the original algorithms [43], [48]. Here, we only present
the convergence analysis of (1). The convergence results of (2)
can be obtained by using similar method. This paper also gives
the convergence results of (2), but the analysis process of its
convergence is omitted.

Following Zufiria’s method [48], the corresponding DDT al-
gorithms can be obtained by taking the conditional expectation

on both sides of the algorithm
(1). Since , the convergence analysis
of the DDT algorithm of (1) can be transformed to studying
the convergence of the DDT algorithm of (3). Taking the condi-
tional expectation on both sides
of (3), the corresponding DDT algorithm is written as:

(5)

for all , where . The DDT algorithm (5)
preserves the discrete time form of the original algorithm (3)
and allows a more realistic behavior of the learning gain [48].
Since the DDT algorithm (5) represents an average evolution of
the algorithm (3), the invariant set is also an invariant set
of (5).

The convergence of the algorithm (5) is analyzed in detail,
which is presented in the Appendix (Lemmas 4–9). The main
results are as follows.

Theorem 3: Suppose that , and
. If

and , there must exist a constant so that
.

See the Appendix for the proof. Theorem 3 shows the average
evolution of the algorithm (1) converges to an independent com-
ponent direction with a positive kurtosis. The analysis can be
similarly used to study the convergence of (2). The results can
be obtained as follows.

Theorem 4: Suppose and . If
and ,

there must exist a constant so that
, where .

The theorems above show the trajectories of the DDT algo-
rithms starting from the invariant sets will converge to an inde-

pendent component direction with a positive kurtosis or a nega-
tive kurtosis. The results can shed some light on the dynamical
behaviors of the original algorithms (1) and (2).

IV. EXTENSION OF THE DDT ALGORITHMS

The DDT algorithms of the algorithms (1) and (2) can be
clearly expressed as

Let , the DDT algorithms are rewritten as

(6)

(7)

By studying the convergence of the DDT algorithms (6) and
(7), we indirectly analyze the convergence of the original SDT
algorithms (1) and (2). Clearly, the algorithms will converge
under certain conditions. However, the original SDT algorithms
are with slow convergence speed, and convergence accuracy of
these algorithms is not good [27], [45], [46]. To improve the
performance of the original algorithms, the DDT algorithms can
be extended to the block versions of the original algorithms. If
the expectation operation is computed by

where is the block size [27], the algorithms (6) and (7) are
also the block algorithms. The block algorithms establish a re-
lationship between the original SDT algorithms and the corre-
sponding DDT algorithms. Clearly, if , they are the orig-
inal SDT algorithms. If is the size of all examples, they are
the corresponding DDT algorithms. The block algorithms rep-
resent an average evolution of the original algorithms over all
blocks of samples. Thus, the invariant sets in Theorem 1 (where
is ) also are the invariant sets of the block algorithms.
Furthermore, the block algorithms can get a good convergence
speed and accuracy in practice. The following simulations will
illustrate their performance.

V. SIMULATIONS AND DISCUSSIONS

In this section, three set of experiments will be carried out to
illustrate the convergence of the class of Hyvärinen–Oja’s ICA
learning algorithms with constant learning rates.

A. Example 1

The DDT algorithms characterize the average evolution of
the original algorithms. The convergence of the DDT algorithms
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Fig. 1. The evolution of components of � with initial value: ���� � ����� � ��� ��� ��	
 (left) and ���� � ��� � ��� � ��� � ���
 (right), while � � �
and 
����� � � ����, 
����� � � �, 
����� � � �, 
����� � � ��	.

Fig. 2. The evolution of components of � with the different kurtosis: 
����� � � ����,
����� � � �, 
����� � � �, 
����� � � ���	 (left); 
����� � �
����, 
����� � � �, 
����� � � ����, 
����� � � ���	 (right), while � � �� and the initial value: ���� � ����	 � ��� ��� ��	
 .

can reflect the dynamical behaviors of the original algorithms in
the invariant sets. From (10), consider four-dimensional DDT
algorithms as (8) for all .

(8)

Let , and . While and
, , , , in

Fig. 1, the evolution of components of is shown with ini-
tial vector (left) and

(right). While and the initial
value , Fig. 2 shows the evolu-
tion results of components of with the kurtosis:

, , , (left)
and , , ,

(right).
Since , the DDT algorithms converge to

an independent component direction with a positive kurtosis or
a negative kurtosis as all components of converge to zero
except a component. The simulation illustrates the results of
Theorems 3 and 4.

In addition, the initial value and kurtosis together determine
which independent component will be extracted in the DDT al-
gorithms. However, in stochastic environment, the distribution
of the variable also affects which independent component will
be extracted. The following experiments will further illustrate
the theory derived.

B. Example 2

The example will illustrate the convergence of the block al-
gorithm (6). There are two stochastic signals and with
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Fig. 3. Original sources � and � with ������ � � ��	
��, ������ � � �����	 (left); two mixed and writened signals (right).

Fig. 4. Evolution of norm of� with � � �

,��
� � �
�� 
�
�� (left) and with � � �


,��
� � �
�
� 
��� (right).

Fig. 5. Evolution of ������������������ with � � �

,��
� � �
�� 
�
�� (left) and with � � �


,��
� � �
�
� 
��� (right).

, . The original sig-
nals are artificially generated and are samples of 1000 values
with zero mean and unit variance, shown in Fig. 3 (left). Ran-
domly mixed and written signals are shown in Fig. 3 (right).
Since , let , and .
The algorithm (6) is used to extracted an independent signal
from the mixed signals. The evolution of norm of is shown in
Fig. 4 with , (left) and ,

(right). Clearly, the norm changes in a cer-
tain range and will not go to infinity.

To verify whether the direction of converge or not, we will
compute the direction cosine between and a reference vector

at each as [42]:

for all . We do not known the exact extracting direc-
tion and which signal will be extracted in advance. Thus, a ref-
erence vector is selected. Clearly, will
approach to a certain value if the direction of converges.
Fig. 5 shows the evolution of with ,
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Fig. 6. Extracted signal with � � ���,���� � ���� ����	 (left) and with � � 
���,���� � ����� ���	 (right).

Fig. 7. Original sources � , � , � and � with ��
��� � � �
�����, ��
��� � � ������, ��
��� � � �
�
��� ��
��� � � �����
 (left); four mixed
and writened signals (right).

Fig. 8. Evolution of norm of� (left) and the evolution of ��
��������������� (right) of the algorithm (1) with the initial value���� � ���� 
�� ��
 ��
	 .

(left) and ,
(right).

At the same time, to verify whether the direction that goes
to is right or not, a signal is extracted by projecting the mixed
whitened signals to the direction. The extracted signals are
shown in Fig. 6. The example shows that the block algorithm
(6) exists an invariant set and converges to an independent
component direction in the invariant set.

C. Example 3

In the following experiment, four signals are used, as
shown in Fig. 7 (left). They are of zero mean and unit vari-

ance with , ,
and . Since

, let , and . The
original SDT algorithms (1) and (2) are used to extract the
independent signals from the mixed and written signals, as
shown in Fig. 7 (right). As for the algorithm (1), the evolution
of norm and are shown in Fig. 8. An inde-
pendent signal with a positive kurtosis is extracted, shown in
Fig. 10 (left). As for the algorithm (2), the evolution of norm
and are shown in Fig. 9. An independent
signal with a negative kurtosis is extracted, as shown in Fig. 10
(right).
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Fig. 9. Evolution of norm of� (left) and the evolution of ���������	�
�����
 (right) of the algorithm (2) with the initial value���
 � ���� ��� ��� ���� .

Fig. 10. Extracted signal of (1) with ������ 
 � ������ (left) and the extracted signal of (2) with ������ 
 � ������� (right).

Fig. 11. Comparison of convergent rate of algorithm (1) with a con-
stant learning rate � � ���� and a zero-approaching learning rate
���
 � ��������� �� � �

. The dashed–dotted line denotes the evolu-
tion of the algorithm with the a zero-approaching learning rate.

We also compare the convergence rate of the algorithms
(1) and (2) with a constant learning rate and

, . The evolution trajec-
tories of are shown in Figs. 11 and 12. The
dashed–dotted line denotes the evolution of the algorithms
with the zero-approaching learning rate. Clearly, the algorithms
with a constant learning rate converge faster in this experiment.
Maybe it is possible to improve the performance by selecting
a proper zero-approaching learning rate. However, there is no
idea of selecting a proper zero-approaching learning rate so that
the algorithms do not diverge and converge faster. Constant
learning rates simplify the application of the original algorithms
in practice and the convergent properties can be guaranteed in
stochastic environment.

Fig. 12. Comparison of convergent rate of algorithm (2) with a con-
stant learning rate � � ���� and a zero-approaching learning rate
���
 � ��������� �� � �

. The dashed–dotted line denotes the evolu-
tion of the algorithm with the a zero-approaching learning rate.

VI. CONCLUSION

The convergence of a class of Hyvärinen–Oja’s ICA learning
algorithms with constant learning algorithms is studied. It is
shown that the algorithms converge to an independent compo-
nent direction with a positive kurtosis or a negative kurtosis.
Since constant learning rates are used, the requirements for
the algorithms to be applied in practical applications can be
met. The most important result of this paper is that some
invariant sets are obtained in stochastic environment so that the
nondivergence of the original SDT algorithms is guaranteed
by selecting proper learning parameters. In these invariant
sets, the local convergence of the original algorithms has been
indirectly studied via the DDT method. To improve the per-
formance of the original algorithms, the corresponding DDT
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algorithms can be extended to the block versions of the original
algorithms. Simulations are carried out to further support the
results obtained.

APPENDIX

Lemma 1: Suppose that , . It holds that

for all .
Proof: Define a differentiable function

for . It follows that
. It is easy to get the maximum point of on the interval

must be . Thus, it follows that

where . The proof is complete.
Lemma 2: Suppose . If , then

Proof: It holds that

The proof is complete.
Lemma 3: Suppose . If and

, it holds that

where and .
Proof: Define a differentiable function

for all , where . It follows that
. it is easy to get the maximum point of on

the interval must be or . Thus, it follows that

where . The proof
is complete.

Proof of Theorem 1: From (1), it follows that

for all . Thus, there must exist so that

for all , where . Since

where

there must exist a small constant so that
. So, if , it holds that

for all , where . Since

where . By Lemma 1, it follows that

(9)

where . Clearly, if
and , it follows that

From (9), it follows that

where . From Lemma 1, it
is easy to see the minimum point is or

in the interval . Thus,
it can be obtained that , for all .

From (2), there must exist and a small constant so
that
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for all , where . If
, it holds that

for all , where . If
and , it follows that

for all . The proof is complete.
The following conclusion can be found in [15]. This paper

provides its proof.
Lemma 4 (Hyvärinen–Oja [15]): For any , it holds that

for all .
Proof: It holds that

for all . Then, it follows that

Since are mutually independent, it holds that
and for

four different indexes [15]. It follows that

for all . Since , it follows that

for all . The proof is complete.
By Lemma above, for any component of ,

it holds that

(10)

for all .
Lemma 5: Suppose that and .

For any , it holds that

for all .
Proof: It follows that
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for all . Since and , by
Theorem 2, it follows that

for all . The proof is completed.
Lemma 6: Suppose that , and

. For any , , if for
all , it holds that

where and

Proof: Since , there must exist so that
. For any , and for all

, from (10), it follows that

where , for all . By Lemma
5 and , i.e., , it follows that

for all . Since , by Lemma 2, it
follows that

for all , where

Since , it holds that

where

The proof is complete.
Lemma 7: Suppose that , and

, . If
, there must exist a constant so that
for all , where

Proof: For and any , from (10), it
follows that

(11)

for all , where (see the equation at the bottom of the page).
If , by Lemma 5, it

holds that . From (11), it holds that
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So, it is easy to see that

Thus, if , it holds that

(12)

for all .
Now, we will prove that if

, there must exist a small constant
so that for all . Assume that this is not true.
Then, it holds that , . From (12), it
follows that , . By Lemma
6, it holds that . This contradicts with
Theorem 2.

Since and
for all . From (11), it follows that

for all . It follows that

where

It is easy to show that

for all , where

The proof is complete.
Lemma 8: Suppose that , and

. If ,
and , it holds that

for all , where

Proof: Since , there must exist
so that and

. From (10), it follows that

where . By Lemmas 2 and 7, it
holds that

for all . Thus, it follows that

for all , where

The proof is complete.
Lemma 9: Suppose that , and

. If ,
and , it holds that

where and
, when is large

enough.
Proof: By Lemmas 6 and 8, it follows that

where . From (10),
when is large enough, it follows that
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Since , there must exist a small constant so that
and . Thus, it can be checked that

where and . Then, it follows
that

It is easy to get that

By Lemma 3, It follows that

where . The proof is completed.
Proof of Theorem (3): By Lemmas 6 and 8, when is large

enough, it follows that

Give any , there exists a such that

For any , it follows that

By Lemma 9, it holds that

This shows the sequence is a Cauchy sequence. By
Cauchy convergence principle, there must exist a so that

. The proof is complete.
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