JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 199, 391-402 (1996)
ARTICLE NO. 0148

Stability of Neutral Lotka—\Volterra Systems

Zhang Yi*
Institute of Mathematics, Academia Sinica, Beijing 100080, People’s Republic of China
Submitted by J. Eisenfeld
Received April 12, 1994

This paper studies the stability of neutral Lotka—\Volterra systems with bounded
delay and unbounded delay, respectively. Sufficient conditions for stability are
given in terms of systems parameters.  © 1996 Academic Press, Inc.

1. INTRODUCTION

The stability theory of Lotka—Volterra systems with delay has been
considerably developed during the past years and various interesting
results have been reported. However, not much has been developed in the
direction of neutral Lotka—\Volterra systems except a few reports [1-4] in
which simple systems are considered. The purpose of this paper is to
investigate sufficient conditions for stability of more general neutral
Lotka—Volterra systems.

We consider neutral Lotka—Volterra systems with bounded delay and
unbounded delay, respectively. In the case of bounded delay, a uniform
asymptotic stability result will be derived. When dropping the assumption
of boundedness of the delay, we discuss asymptotic stability which is
relatively weaker than uniform asymptotic stability.

2. PRELIMINARIES

Consider the neutral Lotka—Volterra system
(1) = [x(1) +xf]

n

: Z [aijxj(t) +bx(t — (1)) +ocx(t — 72(0)]!

j=1
t>t, (i=1,2,...,n), (2.1)
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392 ZHANG YI

where x} >0, a;;, b;;, c;; are constants, and 7,(t) (/ = 1, 2) are nonnegative

contlnuous functions.
Forany t, > ¢, let
Ety={t — 7,(t)lt — 7,(t) <ty,t =1, (I =1,2)} U {1,}.
We assume the initial condition is
xi(t) = ¢(1), t(€E,,
x(t) = @(t), t€E,, (2.2)
e(ty) +xF>0 (i=1,...,n),

where ¢.(¢), (¢) (i =1,...,n) are continuous and bounded functions
defined on E, . Obviously, Wlth the initial condition (2.2), every solution of
(2.1) satisfies

x;(t) +xF >0 (i=1,...,n),
for ¢ > t,. In fact, we have from (2.1) that
x,(1) +xF = [@(ty) + x| eZi-1ilay D)t byxis = noDF eyis = maloM ds,

Then, the result follows from (2.2).
Let

ol = max sup |<o,(t)|

l<i<n =

and

@l = max Suplso,(t)l-

1<i<n tEE

DerINITION 2.1.  The zero solution of (2.1) is said to be stable, if for any
t, > t, and any & > 0, there exists a § = 8(¢,, &) > 0 such that

lell <8(to, &), llell < 8(t, )
imply
|x; ()| <e, |x(t)|<e(i=1,2,...,n)

for > t,. If 8(¢y, &) is independent of ¢,, i.e., 8(¢,, ¢) = 8(&), then the
zero solution of (2.1) is said to be uniformly stable.
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DerINITION 2.2. If the zero solution of (2.1) is stable, and for each
ty > t,, there is a §, = 8(¢,) > 0 such that
lell < &,  llell <8
imply
()]0, |5(D)]~0(i=1....n)
as t —» +ox, then the zero solution of (2.1) is said to be asymptotically

stable. If the zero solution of (2.1) is uniformly stable, and there exists a
n >0, forany y > O0thereisa T = T(y) > 0 such that |l¢|l < n, llell < 1

imply
[x()] <y, x| <y(@=1...n)

for t > t, + T. Then, the zero solution of (2.1) is said to be uniformly
asymptotically stable.

Next, we make the following assumptions.
H) a,;<0G=1,...,n).
(H,) p(Q) <1, where p(Q) denotes the spectral radius of Q, and

Q, Q
A A 1 2
Q= (@), = (Qs Q4)

with
0, - layl(1 = 8;) + 1b] C0,- leijl |
|a“| nXn |a”| nXxn
0y = [xF(lal +16,D)],..,0 Qu= (5Fley)
1, i=j
D
H 0, i#j(i,j=1,...,n).
(H;) There is a constant = > 0 such that
o<7n(t)y<t (1=1,2)
fort>1t,.

H) t—71()> +xast— +x(=12).

3. MAIN RESULTS

THEOREM 3.1.  If (H,), (H,), and (H;) hold, then the zero solution of
(2.1) is uniformly asymptotically stable.
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Proof. Since p(Q) < 1, there exist constants «; > 0,..., a,, > 0 such
that
1 2n
— Zanwlh<1 (I=1,...,2n). (3.1)
Q=1
Let
x,(t
RO

S al

1) =4 ,.

1) | %, 4(1) |

————, n+1<1<2n,t€E Ult, +=).
a

Then, for any ¢, > ¢, we have from (2.1) that

n

D*S,(1) < [x,(¢) +xf]|ayS)(t) + ~ Y a;(layl(1 = 8,;)8;(1)

@ o
+1by |- 8;(¢ — Tl(t)))

n

1
+— L ajleyl i, (t = ()],

& j-1
1<l<n (32)
and
S (D)o,
Si(1) < [L ¥ 1}
Xi—n
1 n
o h [ajx?—n(|al—n,j|Sj(t) + by, - S;(t - 71(t)))
Ij=1
ta,xi e, S (- ’TZ([))], n+1l<l<2n (33)
for t > ¢,.
By (3.1), we can choose a constant m > 0 such that
X/
m< —, l1<l<n
a;
a_,-m 1 2n (34)
(*—+1 — Y a0, <1, n+l<l<2n.
I-n X p=1

Toany ¢ > 0 (& < max, ., -,,(,) - m), choose

8= min _—
g, o) (a,)
1<h<2n
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Now, we will prove that for any ¢, > ¢, ll¢ll < 8, ll¢ll < & imply that

A

Si(1) < &= gy, 1<1<2n (3.5)

max (a
15h52n( h)
for ¢t > ¢,. In fact, if (3.5) does not hold, there must exist ¢, > ¢, and some
[ such that

<&, tE€E, Uty 1)), h=1

Si(t,) = &, Sh(t){ < g t €E, U ltg ;] h# 1. (3.6)

This follows from the fact that S,(1) < &, (h =1,...,2n)for t € E, .

Case 1. 1 <1 <n.Then D*S/(¢;) > 0. However, from (3.2) and (3.1)
we have

2n
D*8,(1,) < —[x,(ty) +xf] “layl- (1 -— X - wlh) " &g
& h=1
< 0.
This yields a contradiction.
Case 2. n+ 1 <1< 2n. It follows from (3.3) and (3.4) that

2n
o, & 1
Si(t) < |—= +1)— ) a0y 5
Xi—n o p—1
o, m 1 2n
l—n
(B ) A E
Xi—n Qo1
< &g,

which is a contradiction to (3.6). Thus, (3.5) holds.
Hence, from (3.5), | ¢ll < 8, |lell < & imply that
k()] <o || <e(i=1,....n)

for t > t,. This shows that the zero solution of (2.1) is uniformly stable.
Now, if in the above, we take & = max,_,_,,(«,) - m and let

6,= min («a,) -m,
0 l$h52n( h)

then we have that [l¢ll < &, llell < 8, imply
Si(t) <m (I=1,...,2n)

for t > ¢,.
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We shall prove for any y > 0, there exists a 7(y) > 0 such that [l ¢ll < §,,
loll < 8, imply
lx (D) <y, x| <y(@=1...n)

for t >ty + T. Define y, = (1/max, _, _,,(e,)) -y, and choose 7 such
that

2n
1- (l/a,) Z a - Wy
h=1

0<n< 2n * Yoo
(1/ay) Z ay - Wy
h=1
l<l<n (3.7)
Yo
0<n< — Yo

2n
((aj_,-m)/xf, + 1)(1/ ) X o, oy
h=1

n+1l<l<2n.

Let N be the first nonnegative integer such that

Yot N-m=m

and take
t, =ty +kT*,  k=0,1,2,...,N,
where
2+ max [In((am +x7) /xF), [In((x} = aym) /x7)]]
T* — ;4 _ l=izn -
1r<nii£‘n ailaii|(')’o(1 - (1/0‘1')}121 ahwih)

—-(1/«) 2": @y - W - ”’7”
h=1

Next, we prove [l¢ll < &,, ll¢ll < 8, imply that
Si(t) <y, + (N —-k)n (I=1,...,2n) (3.8)

forall t >¢,k=012...,N.
If k=0, obviously, (3.8) holds. Suppose that (3.8) holds for some k,
0 < k < N. We will show that (3.8) hold for £ + 1, i.e.,

Si(t) <y +(N—-—k—-1)q (I=1,...,2n) (3.9)

for t > ¢, ,. To prove (3.9), we first prove that there exist 7 € [7, + 7,¢,, ]
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such that
S(1) <y +(N—-k—-1n (I=1,...,2n). (3.10)
In fact, if (3.10) does not hold, there must exist some / such that
Si(1) > vo + (N =k = 1)
forall t €[z, + 7,¢,,,]. Hence,
sup Su(0) < vo+ (N—k)n=v+(N—k—-1)n+n

t—T<6<t
<8/(t) +n (h=1,...,2n)
forall t €[, + 7,1,,4]
Case 1. 1 <1 < n. We have from (2.1) that

x;(t) + xF
P MIGRE!
X

< ay|x, ()| + i [Ia,_,-l(l - 51_f)|xj(t)|

+1byl '|xj(t - Tl(t))| + |Clj|'|55j(t - Tz(t))”

[ 1 2n
< —ajlayl Sz(t) - ; Z ay, - 0, (S,(t) + )
1 2n 1 2n
= _al|all| S(t) 1-— Z ahwlh) - Z QWM
Q=1 Q=1
[ 1 2n 1 2n
< —ajlayl 7’0(1 -— X ahwlh) —— Y w0
& p=1 & p=1

fort €[t + 7,t,,,], and so
| x,(t, + 1) +xf
n

X (tesq) +Xf
In < =
xj X
1 2n
— alayl| yo|1 — — Z oy Wy
& p=1
1 2n .
- Z ay M |[(T* — 1)
Q=1
am + xf xf — am
< —max|In = ,1In m <0
X X

which is a contradiction.
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Case 2. n+ 1 <1< 2n. From (3.3) and (3.7), we have for ¢ € [, +
T, 1, 1] that

maoy_, 1 2n
S(1) < - F 1 — Y o wp e (S(1) + )
Xi—n QA
ma,_, 1 2n
< |— +1 —Zahw,h1+— -8,(1)
Xi—n [T Yo
< 8§,/(1).
This is also a contradiction, and (3.10) follows. Next, we claim
S(t) <y + (N—-—k—-1)q (I=1,...,2n) (3.11)

for all ¢ > 7. Otherwise, there must exist 7 > 7 and some [ such that

Sz(,t) >y +(N—k—=1)n
and D*S,(f) > 0if 1 <! < n. Thus,

sup S,(t) <vyo+ (N—k)n<S(t)+n (h=1,...,2n).

f—r<t<t

If 1 < < n, we have from (3.2) that

D*S(7) < —[x,(7) +xf] -layl
1 2n
’ 51(3(1 - Z C"—hwlh) - Z oy Wy, 77}

& p=1 Q=1

< = [x(?) +xf] -layl
[ 1 2n 1 2n
) Vo(l -— X ahwlh) -— X ahwlh'n}
I & p=1 A p=1

<0,

which is a contradiction. If n + 1 <[ < 2n, then by a proof similar to the
one used in Case 2 to establish (3.10), we again reach a contradiction.
Therefore, (3.11) holds.
Note that #,, , > 7 and thus (3.9) holds. By induction, (3.8) follows.
Taking k = N in (3.8), we obtain

for t > ¢ty + T, where T = NT*, and so
(D)<, [aO]<y(@i=1...n)

for t > t, + T. Obviously, T is independent of f,. The proof is now
complete.
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THEOREM 3.2. If (H,), (H,), and (H,) hold, then the zero solution of
(2.1) is asymprotically stable.

Proof. By a slight modification of the proof of the first part of Theorem
3.1, it is easy to prove that the zero solution of (2.1) is stable. Moreover, we
can choose

8, = min .
0 1§h§2n(ah) "

such that [l¢ll < &,, llell < 8, imply
S,(t) <m (h=1,...,2n)
for ¢ > t,. Next, we will prove that [ ¢ll < &, ll¢ll < 8, imply
|x;(t)] =0, |x(t)|=0(i=1,...,n)
ast — +o. Let
lim supS,(t) = o, (h=1,...,2n).

t— +

Obviously, 0 < o, <m (h = 1,...,2n). Suppose o, = Max, _, - 403}, we
first prove o; = 0. If ¢, # 0, i.e., o; > 0, we choose ¢ > 0 such that

2n
1-(Y/«) Z ay - Wy
0<e< h=1

> -0y (3.12)
1+ (/) Z ay - Wy
h=1

By (H,), there is a T, > ¢, such that t > T, implies
Sh(t—Tp(t))SO'h+8S0',+8, l<h<2n(p=12).

Casel. n+1<I<2n. From(3.3), we have

a_, m 1 2n
S () < |—5— +1|— X a0 (g + ).
Xi-n A p—1
Letting t — +oo, it follows that
o m 2n
O'ZS[ l*n +1— Y a, 0, (0 + &).
I-n X p=1

Letting £ — 0, we obtain

a_, m
g < — +1
Xi—n

1 2n

—_ Z Q- Wy " 0
O p=1

<o

which is a contradiction.
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Case 2. 1 <1 < n. We first claim that there exists 7, > T, such that
D*S,(t) <0
for all t > T,. Otherwise, there is a 7, > T, such that
D*S,(T;) =0, S(Ty) = 0,— ¢.
From (3.2) and (3.12), we have
D*S(T5) < —[x/(T3) +x7] -layl

(o — &) - Zi ay oy (o + €)
Q=1
<0,
which again is a contradiction. Thus,
D*S,(t) <0
for t > T,, and so
lim S,(t) = o).

t— + >

It follows from (2.1) for ¢ > T, that

D+ xl(t)

< all|x1(t)| + i [|al/( Sl.f)|x.f(t)|

+lbyl |, = To(2))| + ley || & (e = Tz(z))|]

1 2n
< —ajlayl|S,(1) = — X a, oy (o, + h)
Q=1
1 2n
=< —a,la,,l[(o-, g) —— > a, oy (o + h)
Q=1
and we see that
x, (1) +xf x(T,) +xjf
In <|In —(t—-T. a
x}" x;k ( 2)a,| zz|
2n
X|(o,— &) — — X (0, + &)
& p=1

— —®

as t — +oo, This is a contradiction.
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Thus, o; = 0 and so
|x()| >0, [x()|>0(i=1,....n)

as t —» +o. The proof is complete.

4. EXAMPLES

ExampLE 4.1. Consider the one-dimensional system
x(t) = [x(¢) + 1] - [ax(t) + bx(t — 7) +cx(t —7)], =0, (4.1)

where a < 0, b, c and 7> 0 are constants. It is easy to check that

b
‘—‘ +2lcl <1 (4.2)
a
implies
|b] |l
pl lal lal | <1.
lal +1b] el

Hence, from Theorem 3.1, the zero solution of (4.1) is uniformly asymptot-
ically stable if (4.2) holds.

ExamPLE 4.2. Consider the system

(6) = [xl(t) + 1] . [—4x1(t) +x2(t — %) — iicl(t — i”

k(1) = [xo(1) +1]

kl(t - %) - 4x2(t)}, t>0.

We have

P B s O
N R O »e
o~k O G-
o O o o

It is easy to calculate that p(Q)) < 1. Then, by Theorem 3.2 the zero
solution of (4.3) is asymptotically stable.
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